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Abstract. We develop an arithmetic analogue of linear partial differential 
equations in two independent "space-time" variables. The spatial derivative is 
a Fermat quotient operator, while the time derivative is the usual derivation. 
This allows us to "flow" integers or, more generally, points on algebraic groups 
with coordinates in rings with arithmetic flavor. In particular, we show that 
elliptic curves have certain canonical "flows" on them that are the arithmetic 
analogues of the heat and wave equations. The same is true for the additive 
and the multiplicative group. 



1. Introduction 

In this paper, we consider arithmetic partial differential equations in two "space- 
time" variables, a higher dimensional analogue of the theory of arithmetic ordinary 
differential equations developed in |SJ[7||H]- In the ordinary case, the role of func- 
tions of one variable is played by integers, and that of the derivative operator is 
played by a "Fermat quotient operator" with respect to a fixed prime p. Instead, 
we now take power series in a variable q with integer coefficients as the analogues of 
functions of two variables, and while maintaining the idea that a Fermat quotient 
type operator with respect to p is the analogue of the derivative in the "arithmetic 
direction," we now add the usual derivative with respect to q to play the role of a 
derivative in the "geometric direction." This leads to the study of some "arithmetic 
flows" of remarkable interest. 

In the ordinary case P30E1 the "arithmetic direction" was viewed as a "temporal 
direction." In the present paper, the "arithmetic direction" is viewed as a "spatial 
direction," and the "geometric direction" is the "time." Under this interpretation, 
we will be able to think of points on algebraic varieties with coordinates in number 
theoretic rings as "functions of space," and we will be able to flow these points 
using the geometric parameter g, parameter that morally speaking plays the role 
of (the exponential of) time. 

We proceed to explain our idea in some detail, and begin by discussing some of 
the basic aspects of evolution partial differential equations as they appear in clas- 
sical analysis, discussion that out of necessity will be carried out in a non-rigorous 
fashion. In particular, the word "function" will be used to refer to functions (or 
even distributions) belonging to unspecified classes, and we will ignore all questions 
on convergence, as well as those concerning the proper definition of certain prod- 
ucts or convolutions. Instead, we will concentrate exclusively on the formal aspects 
of the story, and examine only those concepts whose arithmetic analogue will later 
play a role in our study. We will then describe qualitatively what these arithmetic 
analogues are, and will end the introduction by a presentation of the basic problems 
and results of our theory. 
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1.1. Evolution equations in analysis. We denote by R x the real line with 
"space" coordinate x and Rt the real line with "time" coordinate t. We let !F(R X ) 
be the ring of complex valued functions f(x) on R x , and we let .P(R X x R t ) be 
the ring of complex valued functions v(x,t) on lj x R t . Both of these rings are 
equipped with pointwise addition and multiplication. We will sometimes evaluate 
functions at complex values of t by "analytic continuation." 

1.1.1. Linear partial differential operators. We consider first a general r-th order 
partial differential operator "in 1 + 1 variables." This is just an operator of the 
form 



Pu := P(x,t,u,Du,D 2 u,...,D T u) , 

acting on functions u = u(x,t). In this expression, D n u stands for the n + 1 
functions <9™ _fc <9 t fc w, < k < n, where d x and d t are the corresponding partial 
derivative in the x and t directions, and P(x, t, z) is a complex valued function of 
(r+iKr+2) _|_ 2 com pi ex variables. The operator is said to be linear if P(x, t, z) is 
a linear function in the vector variable z. In that case, we define the full symbol 
a(P)(x,t,^,r) of P, a polynomial in (£, t) with coefficients that are functions of 
(x,t), by replacing d x ~ k d^u in P with the monomials i n £ n ~ k T k ^ Modulo terms of 
degree r — 1 or less, <r(P) is an invariantly defined function on the cotangent bundle 
r*(Ra; x R t ). If P(x,t,z) is independent of (x,t), we say that the operator has 
constant coefficients. Standard examples of partial differential operators that are 
linear and have constant coefficients are 

Pu = dtu — cd x u , the convection operator. 
(2) Pu = d t u — cd x u , the heat operator, 

Pu = dfu — cd x u , the wave operator, 

respectively. Here, c is a constant that in the last two cases is assumed to be 
positive. These operators are of particular importance to us as their arithmetic 
analogues play a significant role in this article. 

In regard to these examples, some remarks are in order: 

(1) If in the heat operator, we replace the real parameter c by a purely imagi- 
nary constant, then we obtain the Schrodinger operator. As the results of 
this paper will suggest, our arithmetic analogue of the heat operator may 
also deserve attention as an analogue of the Schrodinger operator. 

(2) If in the heat operator we interchange t and x, then we obtain the sideways 
heat operator. This operator will also have an analogue in our arithmetic 
theory. 

(3) If in the wave operator we replace the positive constant c by a negative one, 
then we obtain the Laplace operator. Similarly, if in the convection oper- 
ator c is replaced by a purely imaginary constant, we obtain the Cauchy- 
Riemann operator. These are the typical examples of elliptic operators, 
and they do not have analogues among the arithmetic partial differential 
operators discussed here. 

Given a linear partial differential operator P, we may consider the linear partial 
differential equation Pu = 0, and its space of solutions, 

U = U P :={ue T(R X x R t ) : Pu = 0} , 
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that is to say, the kernel of P. One of the main problems of the theory is to describe 
the structure of this space, and to describe the image of the linear mapping on 
functions defined by P. Typically, a function u in hi will depend on p arbitrary 
functions Ci (£),... ,C P (£), p some integer not exceeding the order r of P, while 
the description of the image of P deals with the inhomogeneous equation Pu = p 
for a given p, and the set of conditions on it under which the said equation has a 
solution. By duality, the latter problem is usually reduced to the consideration of 
the space of solutions for the dual linear operator P* . 

1.1.2. Exponential solutions and characteristic roots. Assume P has constant coef- 
ficients and that u is in its space of solutions. The dependence of u on the functions 
Cj(£) above is easily obtained by using Fourier transform, as follows. Let u(£, t) 
denote the Fourier transform of u in the x variable. Then the equation Pu = 
yields 

(3) o-(P)(-Z,-id t )u(Z,t) = 0, 

an ordinary differential equation in the variable t with parameter £. By solving this 
equation and applying the inverse Fourier transform in the parameter £, we obtain 
that 

(4) u(x,t) = J2[ Cj (0e-«-*' ®*d£ , 

for some functions Cj(£), where, for each £, the numbers ti(£), . . . , t p (£) are the 
characteristic roots of P, that is to say, the (complex) roots of the characteristic 
polynomial <t(P)(— £, — r) 6 R[t], chosen to depend continuously on £. (We ignore 
here the problems arising from the possible presence of multiple roots.) 

The "kernels" e~ l ^ x ~ tTj ^ t in Q are the exponential solutions in the space of 
solutions for P, and the formula exhibits the general element of this space as a 
sum of p functions. There is one exponential solution per characteristic root, and 
the general solution u depends C- linearly on one arbitrary function per root. (An 
important analytic aspect ignored here is that, in order to produce suitable distri- 
butional solutions through the formal manipulations above, we may need to choose 
some of the functions Cj (£) to vanish identically. This is dictated by the behavior 
of the characteristic roots, and could make u depend on fewer than p arbitrary 
functions. For instance, think of the case on an elliptic operator, where some of the 
exponential solutions grow exponentially fast.) 

We observe that for any £ and r, the exponentials u^ T (x,t) := e -' l i x ~ lTt "diag- 
onalize" P. Indeed, we have 

(5) Puc, t =ct(P)(-£,-t)-u Ci ,.. 

This fact leads naturally to the study of the inhomogeneous equation Pu = ip by 
way of Fourier inversion. 

1.1.3. Boundary value problem. The classical approach to pinning down the func- 
tions Cj(£) in is by imposing "boundary conditions" on the solution of u. For 
suppose we have a p-tuple B = (B\, . . . , B p ) of linear partial differential operators 

.FQKLj; xl ( )4 J-(R X X Rj). We consider the restriction operator 

F(R X Xl t ) ^ T{R X ) 
iv := U| t=0 , 
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and if we let B® stand for the composition 7 o Bj, we obtain the boundary value 
operator 

T(R x xR t ) ^ T(R x )p 

B°u := {B°u, . . . , B° p u) . 

We then say that the boundary value problem for (P, B) is well posed if for any 
g E J 7 (M. X ) P there exists a unique element u in the space of solutions Up whose 
boundary value B°u is equal to g. In other words, the mapping 

B P -.Up-, T{R X ) P 

given by the restriction of B° to Up is a C-linear isomorphism. (Classically, the 
domain and range are endowed with some topology, and the continuity of both, the 
mapping and its inverse, are also required; we ignore that consideration here.) In 
the case where P and Bj have constant coefficients, a formal computation shows 
that the functions Cj(£) and gj(x) := B°u are related by the equalities 

(6) i>(^)(-£,-^(on(o=sm i<j<p- 

The determinant of the matrix of this system is the Lopatinski determinant. Its 
non- vanishing is "morally" equivalent to the well posedness condition; cf. PP 
321-322, or H2j. 

A classical choice for the operators Bj (corresponding to the Cauchy problem) is 

(7) BjU = dp 1 u, l<j<p. 

For the classical operators P listed in (J2J and the operators Bj in {JJ, the cor- 
responding boundary value problems are all well posed. 

1.1.4. Propagator and Huygens principle. Let us suppose that we have given oper- 
ators P, B\, . . . , Bp such that the boundary value problem for (P, B) is well posed. 
Assume further that P, B±, . . . , B p commute with the time translation operators 

F{R X x R t ) ^? T(R X x R t ) 
L t {g{x,t)) = g(x,t + t ) 

for all to- (This is the case, for instance, if the operators P, Bi, . . . , B p have constant 
coefficients.) Then Up is stable under all L t , and we have the C-linear isomorphisms 

Bp := BpoL t :U P ^ T(R X ) P , 

explicitly given by 

B t °u=(B 1 u,...,B p u)\ t=t0 . 

For any pair t\ and £2, we obtain the evolution or propagator operator, defined as 
the C-linear isomorphism 

S tlM := B^ o [B'p])- 1 = Bp o L t2 _ tl o (Bp)- 1 : J 7 (R X ) P -» T(R X ) P . 

This family of operators satisfies the 1-parameter group property 

So,H+t2 = "0,ti So t t 2 > 

a weak form of the "Huygens principle." 
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1.1.5. Fundamental solutions. The idea of evolution operator above is closely re- 
lated to the concept of fundamental solution. In order to review this concept, let 
J-*($Lx) be the Abelian group J-(M. X ), viewed as a ring with respect to convolution 

(f*g)(x) ■= J f(y)g(x - y)dy. 

We also let ^(Ma xl ( ) be the Abelian group J-(M. X xl ( ), viewed as a module over 
J-+(M. X ) with respect to convolution in the variable x. Then, if P commutes with the 
translation operators in the variable x (for instance, if P has constant coefficients), 
then the space of solutions Up is a J%t(R x )-submodule of T±(Jl x xl t ). In this 
situation, we will assume further that B° is a J r t (R a; )-modulc homomorphism. This 
is the case for the operators Bj in Q. 

Under these circumstances, if the boundary value problem for (P, B) is well 
posed, Bp is an ^(R^-module isomorphism so the space of solutions Up is a free 
JF Jr (M :E )-module of rank p with a unique basis 

(8) ui(x,t),...,u p (x,t) 

(that generally speaking, will consist of distributions) such that the p x p matrix 
(BjUi) is diagonal, with diagonal entries the Dirac delta function <5o = 5q(x) cen- 
tered at 0. This basis is the system of fundamental solutions of (P, B). Clearly, for 
any u s Up, we have that 

p 

(9) u(x,t) = Y^&*){x)*Ui{x>t)> 

i=l 

and so the fundamental solutions u.i appear as kernels in this integral representation 
for u. Conversely, let us assume that the operators Bj are as in J7J), and that we 
can find K i , . . . , K p € Up such that any u € Up can be written uniquely as 

p 

u(x,t) = Y^{d\- l u)(x,Q) * Ki(x,t) . 

i=l 

(Cf. p. 138, for the case of the operators listed in J2J.) Applying d{ ~ 1 to this 
identity, 1 < j < p, and letting t — > 0, we get that the matrix K = K(x, t), whose 
entries are given by K{j = d^ Ki, 1 < i,j ' < p, has the property that K(x, 0) 
is equal to diag(5o, . . . , ^o)- Thus, we conclude that K±, . . . , K p is the system of 
fundamental solutions of (P, B). The matrix K is the fundamental solution matrix. 

For simplicity, let us assume further that Pu = d£u — cd x u. As K p is in the 
space of solutions of P, we see that d^~ l K p , d^~ 2 K p , . . . , d^K p is also a system of 
fundamental solutions for (P, B) . The uniqueness implies that 

K, = d^Kp, K 2 = d p t - 2 K p , K p _ x - d t K p . 

Notice that 

s o,t{g(x)) = g(x)*K(x,t) 

for any g(x) G J 7 (R X ) P , that is, the propagator operator is given by convolution 
with the fundamental solution matrix. 

It is worth recalling that K p above may be used to solve the inhomogeneous 
equation Pu = if, as in the following discussion where for simplicity we take once 
again Pu = d p t u-cd s x u. Cf. H3, pp. 80, 109, or [EJ, pp. 142, 235. Let H e T(R t ) 
be the characteristic function of the interval [0, oo) (the Heaviside function). If we 
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set K+(x, t) :— K p (x, t) ■ H(t) where, of course, we are implicitly assuming that the 
product of the distributions in the right hand side is well defined, then we see that 

PK+(x,t) =5 (x)S (t). 

A function of (x, t) satisfying this equation is said to be a fundamental solution of 
the inhomogeneous equation. A formal computation shows that for any ip(x, t) £ 
J-(R X xl(), the function K+-kcp (where * denotes now the convolution with respect 
to both variables x and t,) is a solution to the equation Pu = <p, that is to say, 

P(K + *ip) =<p. 



1.2. Evolution equations in arithmetic. The main purpose of this paper is to 
propose an arithmetic analogue of the "1 + 1 evolution picture" above. In the 
remaining portion of this introduction, we informally present our main concepts, 
problems, and results. 

1.2.1. Main concepts. In our arithmetic theory, the ring ^(M.x) of functions in x is 
replaced by a "ring of numbers" R. A natural choice [Sl[71|5] for this R is given by the 
completion of the maximum unramified extension of the ring Z p of p-adic integers. 
We will think of p as a "space variable," the analogue of x. And the analogue of 
the ring !F(M.t xlj of functions of space-time is the ring of formal power series 
A = R[[q]], whose elements are viewed as "superpositions" of the "plane waves" aq n , 
a € R, analogues of the plane waves a(x)e~ 2mnt of frequency n. (We will use other 
rings also, for instance, Series in R[[q]} will be viewed as superpositions 

of plane waves "involving non-negative frequencies only," whereas series in 
will be superpositions of plane waves "involving non-positive frequencies only." It 
will be interesting to further enlarge these by considering the rings of Laurent power 
series and their p-adic completions, R((q))~ and R^q^ 1 ))^, respectively.) 

The role of the partial derivative — (27rz) -1 <9 t is to be played by the derivation 

(10) / ^ \ , 

o q u := qo q u 

where d q is the usual derivative with respect to q. On the other hand, the analogue 
of the partial derivative (2iri)~ 1 d x , which should be interpreted as a derivative with 
respect to the prime p, is obtained by following the idea in |S] [7| E]. Indeed, we 
propose to define this derivative with respect to p as the "Fermat quotient operator" 
given by 

A % A 

(11) _ u^(qP)-u(q)P , 



S p u 



P 



where the upper index (<^>) stands for the operation of twisting the coefficients of a 
series by the unique automorphism cj) : R — > R that lifts the p-th power Frobenius 
automorphism of R/pR. Note that the restriction of S p to R is the mapping 

R ^ R 

(12) . <j){a)-oP , 

o v a — 

P 
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which is the arithmetic analogue of a derivation, as discussed in Note that 

the set of its constants, R Sp := {a 6 R; S p a = 0} consists of and the roots of unity 
in R. So R s p is a multiplicative monoid but not a subring of R. 

In order to proceed, we need to describe the analogues of linear partial differential 
equations. We start, more generally, with maps of the form 

(13) A ^ A 

v ' Pu := P(u,Du,...,D r u), 

where P = P(z) is a p-adic limit of polynomials with coefficients in A in ( r + 1 K r + 2 ) 
variables, and D n u stands for the n + 1 series 5 p Sq~' l u, < i < n. These maps are 
the "partial differential operators" of order r in this article. What remains to be 
done is to define the notion of linearity for them. 

The naive requirement that P(z) be a linear form in z is not appropriate. Indeed, 
the property that linearity should really capture is that differences of solutions be 
again solutions, and this is not going to happen since S p itself is not additive. We 
could insist upon asking that the map u >— > Pu be additive, but as such, this 
condition would lead to a rather restricted class of examples. In order to find what 
we suggest is the right concept (which, in particular, will provide sufficiently many 
interesting examples), we proceed by generalizing our setting as follows (cf. [SJ[71|!5] 
for the ordinary differential case). 

Firstly, we consider mappings A N — > A as in (JT3J, where now u is an iV-tuple. 
Secondly, we restrict such maps to subsets X(A) C A N (A) = A N , where X C A N 
is a closed subscheme of the affine TV-space A N over A, and where X(A) denotes 
the set of points of X with coordinates in A. If X has relative dimension n over 
A, the induced maps X(A) —> A will be viewed as "partial differential operators" 
on X in 1 + 1 "independent variables" and n "dependent variables." Using a 
gluing procedure, we then derive the concept of a "partial differential operator," 
X(A) — > A, on (the set of A-points of) an arbitrary scheme X of finite type over A 
(which need not be affine). Finally, when we take X in this general set-up to be a 
commutative group scheme G over A, we define a linear partial differential operator 
on G to be a "partial differential operator" G(A) — > A on G that is also a group 
homomorphism, where A is viewed with its additive group structure. By making 
this "set-theoretical" definition one that is "scheme-theoretical" (varying ^4), we 
arrive at the notion of linear partial differential operator that we propose in here. 
And once again, we are able to associate to any linear partial differential operator 
so defined a polynomial cr(£p, £ 9 ) in two variables with A-coefficients, which we refer 
to as the (Picard-Fuchs) symbol of the operator. 

The construction above is motivated by points of view adopted in analysis 
and mathematical physics. Indeed, we view Spec^l as the analogue of M. x x R t , 
and we view schemes X as the analogues of manifolds M, so the set X (A) = 
Hom(SpecA, X) is the analogue of the set T(R X x M t ,M) of maps R x x R t — » M 
(which we require here to be at least continuous). The commutative group schemes 
G of relative dimension 1 (which will be the main concern of this paper) are the 
analogues of Lie groups of the form C/T where T is a discrete subgroup of C. (There 
are 3 cases, those corresponding to a subgroup T of rank 0, 1, or 2 respectively. The 
corresponding groups C/T are the additive group C, the multiplicative group C x , 
and the elliptic curves E over C) On the other hand, any linear partial differential 
operator T(M* X x R t ) — » T(JL X x R t ) with symbol that vanishes at (0,0) induces a 
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F(R X X R t ) . 



(14) 



F(R X x R t ,C/r) ~.F(R ; 



X 



x R t )/r -» :F(R X x R t ). 



Our groups G(A) are the analogues of the groups ^(R^ x R t , C/T), and our linear 
partial differential operators G(A) — > A are the analogues of the operators in Q14JI. 

Given a linear partial differential operator G(A) — > A in the arithmetic setting, 
we may consider the group of solutions consisting of those u € G(A) such that 
Pu = 0. This is a subgroup of G(A). Those elements in this space that "do not 
vary with time" will define the concept of stationary solutions. Notice that if G 
descends to R, stationary will simply mean "belonging to G(i?)." 

The linear partial differential operators in the sense above will be called {S p , S q }- 
characters, and we will denote them by ip rather than P. This will put our termi- 
nology and notation in line with that used in [SJ [7J |5] , where the case of arithmetic 
ordinary differential equations was treated. 

As a matter of fact, some comments on the ordinary case are in order here. 
If all throughout the theory sketched above we were to insist that the operators 
u i ► Pu in (|13|l be given by polynomials in u, S q u, . . . , 5 r q u only, we would then 
be led to the Ritt-Kolchin theory of "ordinary differential equations" with respect 
to S q , cf. |261 1201 ITT] . In particular, this would lead to the notion of 5 q -character 
of an algebraic group, which in turn should be viewed as the analogue of a linear 
ordinary differential operator on an algebraic group (cf. to the Kolchin logarithmic 
derivative of algebraic groups defined over R, [201 Hlj - and the Manin maps of 
Abclian varieties defined over i? [[<?]], |221I2)- 

If on the other hand we were to insist throughout the theory that the operators 
u i— ► Pu in (|13|l be given by p-adic limits of polynomials in u, S p u, . . . , S p u only, we 
would then be led to the arithmetic analogue of the ordinary differential equations 
m [SI O in] - In particular, we would then arrive at the notion of a <5 p -character of 
a group scheme, which is the arithmetic analogue of a linear ordinary differential 
equation on a group scheme. 

1.2.2. Main problems. We present, in what follows, a sample of the main problems 
to be treated in this paper: 

1. Find all {5 p , (5 g }-characters on a given group scheme G. 

2. For any {6 P , <5 g }-character ip, describe the kernel of -0, that is to say, the 
group of solutions of tpu = 0, and study the behavior of the solutions in 
terms of "convolution," "boundary value problems," "characteristic poly- 
nomial," "propagators," "Huygens' principle," etc. 

3. For any {S p , <5 g }-character ip, describe the image of ip, that is to say, the 
group of all the ip such that the inhomogeneous equation i\)u = tp has a 



These will be discussed in detail for the case of one dependent variable, that is to 
say, for groups of dimension one. Indeed, we shall thoroughly analyze the additive 
group G = G a , the multiplicative group G = G m , and elliptic curves G = E over 
A, cases where G(A) corresponds to the additive group (A, +), the multiplicative 
group (A x , •) of invertible elements of A, and the group (E(A), +) of points with 
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coordinates in A of a projective non-singular cubic, with addition operation given 
by the chord-tangent construction, respectively. 

1.2.3. Main results. In regard to Problem 1, we will start by proving that the 
{dp, <5 9 {-characters of fixed order on a fixed group scheme form a finitely generated 
A-module. We will then provide a rather complete picture of the space of {S p ,S q }- 
characters in the cases where G is either G a , or G m , or an elliptic curve E over A. 
In particular, it will turn out that these groups possess certain remarkable {S p , 5 q }- 
characters that are, roughly speaking, the analogues of the classical operators listed 
in (JSJ above. 

In the cases where G is either G a , or G m , or an elliptic curve E defined over 
R, the {8 P , ^{-characters ip of G are "essentially" built from ^-characters ip q , and 
<5p-characters ip p of G. This situation is analogous to the one in classical analysis in 
1-c x R f , where linear differential operators are "built" from d x and dt, respectively. 
Remarkably, however, if G is an elliptic curve E over A that is sufficiently "general," 
then E possesses a {S p , <5 g {-character ipp. that cannot be built from 5 q - and S p - 
characters alone. Thus, from a global point of view, this {S p , £) g {-character ip pq is a 
"pure partial differential object," in the sense that it cannot be built from "global 
ordinary linear differential objects." 

This will all unravel in the following manner. We will first prove that for any 
elliptic curve E over A, there always exists a non-zero {S p , S q {-character ip^ q of order 
one 1 . We will then show that for a general elliptic curve E over A, the A-module 
of {S p , ^{-characters of order one has rank one, and so ipp~ q is essentially unique. 
We view it as a canonical convection equation on the elliptic curve. Let us note 
that ipp q cannot be decomposed as a linear combination of 6 q - and <5 p -characters 
alone because, on these elliptic curves, all such characters of order one are trivial. 

The {Sp, 5 q {-character ipp- q will turn out to be a factor of a canonical order two 
{S p , S q {-character that can be expressed as ip q + Xipp, the sum of a ^-character ip q 
of order two, and of A times a <5 p -character ip"i of order two also, A £ A. We will 
view this {S p , S q {-character of order two as a canonical wave equation on the elliptic 
curve. 

Once again, for a general elliptic curve E over R, we will encounter heat equations 
on E also. These will be sums of the form ip q + Xipp, where ip q is a (^-character of 
order one, ip p is a <5 p -character of order two, and A £ R. 

In regard to Problem 2, a first remark is that the "generic" {5 P , ^{-characters 
do not admit non-stationary solutions hence a natural question is to characterize 
those that admit such solutions. We succeed in giving such a characterization 
under a mild non-degeneracy condition on the symbol cr(£p,£<j), a condition that 
is satisfied "generically." Roughly speaking, we will show that a non-degenerate 
{Sp, S q {-character ip of a group G over R has non-stationary solutions if, and only 
if, the polynomial cr(0,£ g ) has an integer root. The effect of this criterion is best 
explained if we consider families ip\ of {5 P , 5 q {-characters of low order (usually 1 
or 2) that depend linearly on a parameter A £ R, and ask for the values of this 
parameter for which ip\ possesses non-stationary solutions. We then discover a 

^This is in deep contrast with the "ordinary case," where for a general E over A, there are no 
non-zero 8 q -characters of order one 1221 171 . or where for a general E over A, or a general E over 
R, there are no non-zero 5 p -characters of order one Here, an elliptic curve E over a ring is 

said to be general if the coefficients of the denning cubic belong to the ring and do not satisfy a 
certain "(arithmetic) differential equation." 
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"quantization" phenomenon according to which, the only values of A for which 
this is so form a "discrete" set parameterized by integers k£Z. This singles out 
certain {S p , <5 g }-characters as "canonical equations" on our groups, and produces, 
for instance, a canonical heat equation on a general elliptic curve over R. 

A different kind of "quantization" will be encountered in our study of Tate curves 
with parameter 0q, where (3 £ R. (These curves are defined over i?((g)) but not 
over R.) In that case, we obtain that the canonical convection equation has non- 
stationary solutions if and only if the values of (3 are themselves "quantized," that 
is to say, parameterized by integers k £ Z. 

The criterion above on the existence of non-stationary solutions will be a con- 
sequence of a more detailed analysis of spaces of solutions of ipu = 0. In order to 
explain this, we take a non-degenerate {S p , <5q}-character ip of a group G over R, 
and consider first the groups U±\ of solutions of tpu = in G(A) (A = R[[q ±:L ]\) 
vanishing at q^ 1 = 0, respectively. Intuitively, these are the analogues of those solu- 
tions in analysis that "decay to zero" as t — > ^fioo, respectively. We will prove that 
U±\ are finitely generated free R- modules under a natural convolution operation 
denoted by *. The ranks of these i?-modules are given by the cardinalities p+ and 
/?_ of the sets K± of positive and negative integer roots of the polynomial er(0, 
where cr(£ p , £ 9 ) is the symbol of %p. The integers in IC± are the characteristic integers 
of ip. 

For instance, if ip is the arithmetic analogue of the convection or heat equation 
then one of the spaces IA±\ is zero and the other has rank one over R under convo- 
lution. If ip is the arithmetic analogue of the wave equation then both spaces U±\ 
have rank one over R, an analogue of the picture in d'Alembert's formula where 
one has 2 waves traveling in opposite directions. 

Going back to the general situation of a non-degenerate {<5 P , i5,j}-character ip, 
we will consider a boundary value problem at q^ 1 = as follows. Firstly, we will 
consider the operators 

Rlk^]} - R 

T K (J2a n q n ) ■= a K = ^r(0£fciii)|,±i =o 

where, of course, d q -i := —q 2 d q . Secondly, we note that, up to an invertible 
element in R, there is a unique non-zero <5 g -character ip q of G of minimal order. 
The {dp, (5 9 }-character tj) q has order if G = G a , and order 1 if G is either G m or 
an elliptic curve over R; in the latter case ip q is the Kolchin logarithmic derivative. 
For k £ JC± we denote by B° the composition T K oip q . We will then prove that the 
boundary value operator at q ±x = 0, 

b" 

U±i -5 R p± 
B° ± u = (B° K u) KeK± 

is an i?-module isomorphism, and, furthermore, that there exist solutions u K € U± 
such that for any u £ U±\ we have the formula 

(15) u= {Blu)*u K . 

This can be viewed as analogue of the expression Q because it exhibits u as a sum 
of p± terms indexed by the characteristic integers, with each term depending Z- 
linearly on one arbitrary "function of space." It can also be viewed as an analogue 
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of because of its formulation in terms of convolution. Then we interpret the 
bijectivity of B° by saying that the "boundary value problem at q^ 1 = 0" is well 
posed. (The language chosen here is a bit lax since no direct analogue of this 
boundary value problem at q^ 1 — seems to be available in real analysis; indeed, 
such an analogue would prescribe boundary values at (complex) infinity, which 
does not appear as a natural condition to be imposed on solutions of linear partial 
differential equations in analysis.) 

The solutions u K (n G /C) will be referred to as basic solutions of the {S p , 5 q }- 
character ip. In some sense, these elements of the kernel of t/j are the analogues of 
both the exponential solutions and the fundamental solutions of the homogeneous 
equations in real analysis. Of course, these analogies have significant limitations. 

An interesting feature of the solutions u in the kernel of ip is the following 
"algebraicity modulo p" property. Let us denote by k the residue field of R, hence 
k = R/pR. Then, for any such it, the reduction modulo p, ip q u 6 fc[[g ±:L ]], of the 
series ip q u is integral over the polynomial ring fc[g ±:L ], and the field extension 

k(q) C k(q,tp q u) 

is Abelian with Galois group killed by p. On the other hand, under certain general 
assumptions that are satisfied, in particular, by our "canonical" equations, we will 
prove that the solutions u =/= of tpu = are transcendental over R[q\. This 
transcendence result can be viewed as a (weak) incarnation of Manin's Theorem of 
the Kernel 

Some of the results above about groups G over R have analogues for groups not 
defined over R, such as the Tate curves. For the latter the <5 g -character ip q will now 
be the Manin map, which has order 2. 

If we instead consider solutions that do not necessarily decay to as q ±x — * 0, 
we are able to show that, in case p + = 1, the appropriate boundary value problem 
at q =/= is well posed. (The condition p + — 1 is usually satisfied by our "canonical 
equations".) Roughly speaking, for groups G over R and {S p , <5 g }-characters tp with 
p + = 1, this boundary value problem has the following meaning. We consider 
go G pR x and g G G(R). If A = R[[q]}, we ask if there exists a (possibly unique) 
solution u G G(A) of the equation ipu = that satisfies the condition B qo u = g, 
where 

G(A) ^° G{R) 
B^u := u(q ) 

is the group homomorphism induced by the ring homomorphism A = R[[q\\ R 
that sends q into qo- We view B qo as a boundary value operator at qo-, and we 
view the corresponding embedding Spec R — > Spec A as the "curve" q = qo in the 
(p, g)-plane, along which we are given our boundary values. 

Our point of view here is reminiscent of that in real analysis, where we replace 
real time by a complex number whose real part is small in order to avoid singularities 
on the real axis. Indeed the condition "q invertible" (that is to say, v p (q ) = 0, 
where v p is the p-adic valuation) is an analogue of the condition "real time;" the 
condition "go non-invertible with small v p (qo) v is an analogue of "complex time 
close to the real axis;" "go close to 0" (that is, v p (qo) big) is an analogue of "time 
close to —zoo." 

For equations with p_|_ = 1, we will investigate also the "limit of solutions as 
q — > 0" (or intuitively, as t — > —zoo). This limit will sometimes exist, and if so, the 
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limit will usually be a torsion point of G(R). In this sense, torsion points tend to 
play the role of "equilibrium states at (complex) infinity." 

These principles do not hold uniformly in all examples. For instance, in the case 
of elliptic curves E over R, we will need to replace E(R) by a suitable subgroup of 
it, E'(R), in order to avoid points whose orders are powers of p. And for elliptic 
curves over A, rather than those over R (such as the Tate curves), the boundary 
value problem at q ^ will take a slightly different form. 

Once the boundary value problem at q ^ has been solved, we can construct 
propagators as follows. Again, we fix ip with p + = 1, choose "complex times" 
<7i,<72 £ pR x , and consider the endomorphism S qim of the group G(R) that sends 
any g\ G G(R) into gi :— u(q2), where u G G(A) is the unique solution to the 
boundary value problem 

ipu = 
u(qi) = 3i 

This construction does not work uniformly in all examples the way it is described 
here. In order to make it so, we need an appropriate modification of the given 
recipe. Nevertheless, in all situations, we find that the propagator S satisfies a 
1-parameter group property. For it turns out that given "complex times" q t — Qqo 
with G i? a root of unity, i = 1, 2, we have that 

^9o,CiC2go = Sq X2qo ° ^qoXigo > 

identity that can be viewed as a weak incarnation of Huygens' principle. 

In regard to Problem 3, we will consider non-degenerate {S pi (5 g {-characters ip of 
G, and we will find sufficient conditions on a given series tp G A = R[[q\] ensuring 
that the inhomogeneous equation ipu = tp have a solution u G G{A). Specifically, 
let us define the support of the series tp = J2 c nQ n as the set {n : c n ^ 0}. We will 
then prove that if (p has support contained in the set K! of totally non- characteristic 
integers, then the inhomogeneous equation above, with ip as right hand side, has a 
unique solution u G G(A) for which the support of ip q u is disjoint from the set K. 
of characteristic integers. Here, KJ is defined by an easy congruence involving the 
symbol, and, as suggested by the terminology, KJ is disjoint from K. Furthermore, 
if tp, the reduction mod p of tp, is a polynomial, then we will prove a corresponding 
"algebraicity mod p" property for u stating that the series ^ q u is integral over 
klq^ 1 }, and that the field extension k(q) C k(q,ip q u) is Abelian with Galois group 
killed by p. On the other hand, for a "canonical" tp and for a tp with short support, 
we will show that the solutions of ipu — ip are transcendental over R[q]. 

The idea behind the results above is to construct, for all integers k coprime to 
p, a solution u K of the equation 

(16) ^=^Y, 

P 

which we shall call a basic solution of the inhomogeneous equation. For k a charac- 
teristic integer, the right hand side of (|16|l vanishes and our basic solutions are the 
previously mentioned basic solutions of the homogeneous equation. For k a totally 
non-characteristic integer, the right hand side of (|f 6f) is a unit in R times q K , and 
that leads to the desired result about the inhomogeneous equation. Notice that 
(fT?))l should be viewed as an analogue of ©, and the u K 's (for k G l\p7L) should be 
viewed as (partially) diagonalizing ip. 
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1.3. Concluding remarks. It is natural to ask for an extension of the theory 
in the present paper to the case of d + e independent variables and n dependent 
variables, that is to say, to the case of d time variables q±, . . . , qd, e space variables 
Pi, . . . ,p e , where pi are prime numbers, and groups G of (relative) dimension n. It 
is not hard to perform such an extension to the case e=l,d>l,n>l (that is to 
say, one prime p as space variable, d > 1 indeterminates qi as time variables, and 
groups of dimension n > 1). In fact, all the difficulties of this more general case 
are already present in ours here, where d = e = n = 1. On the other hand, there 
seems to be no obvious way to extend the theory in a non-trivial way even to the 
case d = l,e>l,n=l (that is to say, two or more primes pi as space variables, 
one time variable q, and groups of dimension 1). The main obstruction lies in the 
fact that when at least two primes are made to interact in the same equation, the 
solutions exhibit a rather fundamental divergent form. 

We end our discussion here by summarizing (cf. the tables below) some of the 
similarities and differences between the set-ups of classical real analysis |17lll3lES] . 
classical p-adic analysis and arithmetic (in the spirit of 13 E] fo r the 

ordinary differential case, and the present paper for the partial differential case). 
For the ordinary differential case we have: 





real analysis 


p-adic analysis 


arithmetic 


1-dimensional manifold 


M. x 


R 


R d P 


ring of functions 


F(R X ) 


R[[x\] 


R 


operator on functions 


d x 


d x 


s p 



For the partial differential case we have: 





real analysis 


p-adic analysis 


arithmetic 


2-dimensional manifold 


R t x R x 


Rx R 


R dp x R 


ring of functions 


T(R X x R t ) 


R[[x,t}] 


R[[q\] 


operators on functions 


d x ,d t 


d x ,d t 


s P ,s q 



In the last column, the set R Sp plays a role similar to that of the set of "geometric 
points of the spectrum of the field with one element" in the sense of Deninger, 
Kurokawa, Manin, Soule, and others 1^123 EDI- (For comments on differences 
between our approach here and the ideology of the "field with one element," we 
refer to the Introduction of In particular R Sp can be viewed as an object 

of dimension zero. Notice that the third column appears to be obtained from the 
second one by "decreasing dimensions by one;" this reflects the fact that, in contrast 
to the second column, the third one treats numbers as functions. Note also that 
the interpretation of R Sp as a space of dimension zero is morally consistent with 
the (otherwise) curious fact that the groups of solutions U\ and U-\ are modules 
over R with respect to a "convolution" operation *. Indeed, this suggests that 
"pointwise" multiplication and "convolution" of functions on R Sp coincide, which 
in turn, is compatible with viewing R Sp as having dimension 0. 
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1.4. Plan of the paper. We begin in §2 by introducing our main concepts, and 
where, in particular, we define {S p , <5 9 }-characters, their various spaces of solutions, 
and the convolution module structure on these spaces. In §3 and §4, we construct 
and study partial differential jet spaces of schemes and formal groups, respectively. 
These are arithmetic-geometric analogues of the standard jet spaces of differential 
geometry, arithmetic in the space direction, and geometric in the time direction. 
The geometry of these jet spaces controls the structure of the spaces of {5 P , 5 q }- 
characters. Among several other constructions, we define in §4 the Picard-Fuchs 
symbol of a {S p , £) 9 }-character. In §5, we develop an analogue of the Frechet de- 
rivative, and use it to define the Frechet symbol of a {5 P , £) 9 }-character. We then 
establish a link between the Frechet symbol and the Picard-Fuchs symbol that will 
be useful in applications. We also develop in this section a brief analogue of the 
Euler-Lagrange formalism. In §6, §7 and §8, we present our main results about 
{d p , <5 9 }-characters and their solution spaces in the cases of G a , G m , and elliptic 
curves, respectively. 

Acknowledgements. We would like to acknowledge useful conversations with F. 
J. Voloch and D. Thakur on the subject of transcendence. 

2. Main concepts 

In this section, we begin by introducing the main algebraic concepts in our study, 
especially the {S p , <5 g }-rings and {<5 P , <5 g }-prolongation sequences. These are then 
used to define {8 P , (5 g }-morphisms of schemes, and, eventually, {5 P , <5 g }-characters 
of group schemes. We introduce various solution spaces of {6 P , i5 g }-characters, and 
discuss the convolution module structure on them. 

Let j) be a prime integer that we fix throughout the entire paper. For technical 
purposes related to the use of logarithms of formal groups, we need to assume that 
p / 2. Later on, in our applications to elliptic curves, we will need to assume that 
p 3 also. All throughout, A shall be a ring, and B an algebra over A. If a; is an 
element of A, we shall denote by x its image in B also. 

We let C P (X,Y) stand for 

XP + YP - (X + Y)p 

an element of the polynomial ring Z[X, Yj. 

After [5], we say that a map 5 : A — > B is a p- derivation if S p (l) = 0, and 

S P (x + y) = 5 p x + 6 p y + C p (x,y), 
S p (xy) = x p S p y + y p S p x + pS p xS p y , 

for all x,y € A, respectively. We will always write 5 p x instead of 5 p {x). 
Given a 5 p -derivation, we define 4> := <j) p := 4>$ p : A — » B by 

(17) 4>p( x ) = x p + pS p x , 

a map that turns out to be a homomorphism of rings. Sometimes, we will write 
instead of (f> p (x), and when omitted from the notation, the context will indicate 

the p-derivation S p that is being used. 

We recall that a map S q : A — > B is said to be a derivation if 

o~ q (x + y) = 5 q x + 5 q y, 
S q (xy) = xS q y + yS q x, 
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for all x, y G A, respectively. For the time being, the index q will not be given any 
interpretation. Later on, we will encounter the situation where q is an element of 
A, and in that case, we will think of S q as a derivation in the "direction" q. 

Definition 2.1. Let 8 P : A — > B be a p-derivation. A derivation S q : A — ► B is said 
to be a 8 P - derivation if 

(18) 8 q 5pX = pSpS q x + (8 q x) p — x p S q x 
for all x G A. 

In particular, for a ^-derivation S q : A —> B, we have that 

(19) S q o cj) p = p ■ (j) p o 5 q . 

Conversely, if p is a non-zero divisor in A, then 119(1 implies l(18|l . 

Definition 2.2. A {S p , 5 q }-ring A is one equipped with a p-derivation S p : A — > A 
and a <5 p -derivation 5 9 : A — > A. A morphisms of {5 P , S q }-rings is a ring homomor- 
phism that commutes with S p and A {8 P , (5 g }-ring £? is said to be a {S p , S q }-ring 
over the {6 P , S q }-ring A if it comes equipped with a {S p , <5 g }-ring homomorphism 
A — > B. We say that a <5 g }-ring A is a {<5 P , S q }-subring of the (5 9 }-ring i3 if 
A is a subring of £? such that 5 p A C A and <5 g A C A, respectively. 

We describe next the basic examples of {5 P , 5 g }-rings that will play crucial roles in 
our paper. All throughout, we shall let R stand for R :— R p := K p lr , the completion 
of the maximum unramified extension of Z p , k for the residue field k := R/pR, 
and K for the fraction field K := R[l/p\. Furthermore, we will let fi(R) be the 
multiplicative group of roots of unity in R, and recall that the reduction mod p 
mapping 

fj,(R) -» fc x 

defines an isomorphism whose inverse is the Teichmiiller lift. Any element of the 
ring R can be represented uniquely as a series Y^iLoCiP 1 : where d G £t(i?) U {0}. 
There is a unique ring isomorphism 

(20) 4>:R^R 

that lifts the p-th power Frobenius isomorphism on k, and for £ G fJ-(R)i we have 
that <j)(C) = ( p . 

The ring R is isomorphic to the Witt ring on the algebraic closure of ¥ p , and 
for each s > 1, the ring 

R*" := {x G i? | a^ s = x} 

is isomorphic to the Witt ring on the field ¥ pS with p s elements. Notice that the 
ring R^ — Z p is simply the ring of p-adic integers. As usual, we denote by Zr p \ the 
ring of all fractions a/b G Q, where a G Z and b G Z \ (p). We have the inclusions 

Z (p) C Z p C i? 0S C Ji . 

Example 2.3. The ring R carries a unique p-derivation 5 P : R — > i? given by (see 

0p(x)-a;P 
OpX = — . 

p 

The constants of S p are defined to be 

R Sp := {x G R : <5 p x = 0} , 
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set that coincides with U {0}, the roots of unity in R together with 0. Notice 
that we have the trivial (^-derivation 5 q = on R, and that the pair (<5 P ,0) equips 
R with a {5p, 5 q }-rmg structure. 

We denote by i? [[<?]] and the power series rings in q and g _1 , respectively, 

and we embed them into the rings 

R((q)T = RMjiq-'T = J V a n q n \ lim a n = 1 

' * n — > — oo 

^n— — oo ^ 

and 

^((g- 1 ))" = flfe- 1 ]]^ - I V a n9 " | lim a n = 1 , 

* — » n — >oc 



. n— — oo 



respectively. 

The rings R((q)) and have unique structures of {8 P , 5 q }- rings that 

extend that of i?, such that 

S p q = , S q q = q, Spiq' 1 ) = , ^((J -1 ) = -g" 1 . 

The rings and are {<5 p , <5 g }-subrings of R((q)) and R^q' 1 )) , re- 

spectively. Also the ring 



R[q, q x ] = < V] a„q" | lim a r , 



o 

n — >±oo 

v n=— oo > 



is a {<5 P , (5,j}-subring of both R{{q)) and R((q~ )) . 
We describe these {S p , (5 g }-structures in further detail. 

The automorphism l|20l) extends to a unique homomorphism cf> : R[[q\] — > -R[[q]] 
such that 4>{q) = <7 P - Similarly, it extends to a unique homomorphism 4> : — > 

such that 0(<7 -1 ) = to which for obvious reasons we give the same 
name. Then the expression 

<5 p F := . 

P 

defines a p-derivation 5 p on both, R[[q]] and i?[[<7 -1 ]], respectively. On the other 
hand, the expression 

dF 

S q F : = g _ = 
defines a ^-derivation on R((q)) and . Here, 

d q (J2 a n1 n ) = ^ (l>n<f) := J^twW ■ 

The operators S p and <5 g so defined provide the various rings above with their 
respective {S Pl <5 g }-ring structures. 

Observe that the i?-algebra mapping 

R((q)T - ^((-Z- 1 ))- 
q i ► g 1 

is a ring isomorphism that fails to be a {<5 p , (5 9 }-ring isomorphism. □ 

In the sequel, we will repeatedly use the following "Dwork's Lemma," which we 
record here for convenience. 
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Lemma 2.4. Let v G 1 + qK[[q]] be such that v^/iP G 1 + pqR[[q]]. Then v G 
l + gii[[g]]. 

Proof. For » 6 1 + Q , Qp[[g]], this is proved in [T§|, p. 93. The general case follows 
by a similar argument. □ 

We will also need the following case of Hazewinkel's Functional Equation Lemma. 
This special version of this result implies Dwork's Lemma. 

Lemma 2.5. Let /xo G R x , and fi±, . . . ,/i s G R. Consider two series f,g G 
K[[q]] such that f = Xq mod q 2 in K[[q\], for some A G R x . Let / _1 G giff^]] be 
the compositional inverse of f. For 

A := no + ^ p + ■■■ + ^cj>i G K[(j> p ] , 
P P 

assume that both, Af and Ag, belong to R[[q]]. Then / _1 oj £ -R[[<z]]- 

Closely related to these results is the following. 
Lemma 2.6. Let fi G R x , H\, . . . , n s G R, and f G if [[?]]. If for 

A:= fi + /j,i4>p H h ^ s cf) & p G R[<j> p ] 

we have that Af G gi? [ [g] ] , then f G gi?[[g]] . // on the other hand we have that 
Af G pqR[[q}}, then f G pqR\[q]\. 

Proof. We may assume fio = 1. Set Ai := 1 — A G 4>pR[4> p ], and note that 
A iq R[[q}} C q p R[[q}}. Set g = Af. Then 

f = g + A l9 + A\g + • • • , 

and the result follows. □ 
Formally speaking, the {5 P , (5 g }-rings R((q)Y~ and and their various 

{dp, (5 9 }-subrings introduced above, can be viewed as rings of "Fourier series." These 
rings allow us to take limits of solutions to arithmetic partial differential equations 
in the "time" direction, as t — > ±ioo. On the other hand, the examples of {S p , 5 q }- 
rings of "Iwasawa series," which we discuss next, control limits "as time goes to 
0." 

Example 2.7. Let R[[q — 1]] be the completion of the polynomial ring R[q] with 
respect to the ideal (q — 1). Hence, R[[q — 1]] can be identified with the power series 
ring R[[t]] in an indeterminate r, and R[qf embeds into R[[q — 1]] = R[[t]] via the 
map q I— > 1 + r. 

There is a unique {S p , (5 q }-ring structure on R[[q — 1]] that extends that of i?[qP. 
Indeed, in terms of r we have 

(1 + t)p - 1 - tP 

d p T = , 

P 

6 q T = 1 + T . 

Note that although R[[q\] and R[[q — 1]] are isomorphic as rings, they are not 
isomorphic as {S p , 5 9 }-rings. In fact, they are quite "different" in this latter context. 

Similarly, let — 1]] be the completion of Rlq^ 1 } with respect to the ideal 

(<7 _1 — 1). Then there is a natural embedding C i?[[<z _1 — 1]], and a unique 

structure of {5 P , i5 g }-ring on Rllq' 1 - 1]] that extends that of -R^T 1 ]^ □ 
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From here on, we consider the ring A provided with a fixed structure of {S p , 5 q }- 
ring. For simplicity, we always assume that A is a p-adically complete Noether- 
ian integral domain of characteristic zero, and we shall let L be its fraction field. 
Example 12.31 above illustrates the cases where A is equal to R, R[[q]], R((q)) , 
i?[[<7 -1 ]], , and i?[g,<7 _1 ] , respectively, while Example 12 . 71 illustrates the 

cases where A is equal to R[[q — 1]] and R^q^ 1 — 1]], respectively. Whenever any of 
these rings is considered below, it will be given the {S p , <5 g }-ring structure defined 
in these two examples. 

In Examples 12.81 and 12.91 below we explain some basic general constructions that 
can be performed using a fixed <5 9 }-ring A. 

Example 2.8. We will denote by (A[<f> p , 6 q ], +, ■ ) the ring generated by A and the 
symbols </> p and 5 q subject to the relations 

S q ■ <f) p = p- <p p - 6 q , 
[S q , a] = 8 q ■ a — a ■ S q — S q a , 

4> p - a = a* • 4> p , 

for all a £ A. Let £ p , £ g be two variables, which we view as "duals to p and q" 
respectively. If p — ju(£ p ,£ g ) — Y^^ij^q e -^[Cpj^g] i s a polynomial, then we 
define 

fJt(<(> p , S q ) := tHjftptq G A [4>V1 5 o\ ■ 

The map 

^ K<Pp, S q) 

is a left A-module isomorphism. 

Given a p(£ p ,£ q ) as above, we define the polynomial 

We have the following useful formula: 

SqfJ.(<l>p, S q ) = p ip) {(j) p , S q )6 q . 

□ 

Example 2.9. Let y be an TV-tuple of indeterminates over A, and let yW) be an 
iV-tuple of indeterminates over A parameterized by non- negative integers i, j, such 
that y( ' ) = y. We set 

A{y} := A^') |,> ,,>o] 

for the polynomial ring in the indeterminates y^'. This ring has a natural {S p , S q }- 
structure that we now discuss. 

For let (f) p : A{y} — ► ^4{y} be the unique ring homomorphism extending (j) p : 
A — > A, and satisfying the relation 

Then, we may define a p-derivation S p : A{y} — > by the expression (see Ijl7|) 

above) 

P 

In particular, we have that S p y^'^ = y( l+1 >j>. 
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We let L{y} be L{y} :— L ®a A{y} : L the field of fractions of A. Notice that 
L{y} = L[y^ |i> 0ii > ] = L[^y^ | 4 > 0j > ] . 

The endomorphism <j) p extends uniquely to an endomorphism <p p of L{y}. Since 
the polynomials (jfy^ ^ are algebraically independent over L, there exists a unique 
derivation S q : L{y} — > L{y} that extends the derivation 5 q : A — > A, and satisfies 
the relation 

^(0> (OJ) )=P>^ ( °' J+1) - 
We claim that D :— 8 q o (p p — p ■ <jy p o 8 q vanishes on L{y}. 

Indeed, D : L{y} — > is a derivation if we view as an algebra over 

itself via P . Thus, it suffices to observe that D vanishes on L and ^pV ^\ an d 
both of these are clear. 

We now claim also that 5 q y"'" € ^4{y}, and this will imply that <5 9 induces a 
derivation of the ring A{y}. For, proceeding by induction on the index i, with the 
case i = being clear, we assume it for i, and prove the desired statement for i + 1. 
We have 

P / 
= <M<W lj) ) - {y^y-H q y^ , 
and this is clearly in A{y} by the induction hypothesis. 

The morphisms S p , S q endow with a {S p , (5q}-ring structure. Clearly, y( l >fi = 
SpS^y, and so 

A{y} = A[y,Dy,D 2 y,...}, 

where for any whole number n, D n y stands for the (n + l)-tuple with components 
SpS^y, 0<i<n. □ 

Definition 2.10. Let S* = {5"} n >o be a sequence of rings. Suppose we have ring 
homomorphisms ip : S n — > S n+1 , p-derivations S p : S n — > 5 n+1 , and ^-derivations 
S q : S n —> S n+1 such that S p o ip = ip o 5 p , and S q o p = ip o 5 q . We then say 
that (S*,if,S p ,S q ), or simply S 1 *, is a {5 P , 5 q }-prolongation sequence. A morphism 
u* : S* — > 5* of {5 P , <5 g }-prolongation sequences is a sequence ti" : 5™ — > S 1 ™ of 
ring homomorphisms such that 6 P o it™ = o S p , S q o m" = tt™ +1 o (5 g , and 

(po u n = u n+1 O ip. 

Let us consider the {(5 P , (5 g }-ring structure on the ring A. We obtain a natural 
{(5 P , <5 g {-prolongation sequence A* by setting A™ = A for all n, and taking the ring 
homomorphisms ip to be all equal to the identity. This leads to the natural concept 
of morphisms of {S pi (5 ? }-prolongation sequences over A. 

Definition 2.11. We say that a {5 p , <5 g {-prolongation sequence S* is a {5 p ,5 q }- 
prolongation sequence over A if we have a morphism of prolongation sequences 
A* -> S*. 

There is a natural notion of morphisms of {S p , <5,j {-prolongation sequences over 
A that we do not explicitly state. In the sequel, all {S p , <5 g {-prolongation sequences, 
and morphisms of such, will be prolongation sequences over A. 

Example 2.12. Let A{y} the ring discussed in Example 12.91 We consider the 
subrings 

S n :=A{y,Dy,...,D n y}. 



5 q y(i+^) = Sq 
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We view S n+1 as an S^-algebra via the inclusion homomorphism, and observe that 
S p S n C S n+1 , and S q S n C S n+ \ respectively. Therefore, S* = {S n } defines a 
{S p , <5 g {-prolongation sequence. We then obtain the p-adic completion prolongation 



Definition 2.13. Let X and Y be smooth schemes over the fixed {S p ,5 q }-rmg A. 
By a {S p , S q }-morphism of order r we mean a rule / : X — > Y that attaches to 
any {5 pi (5 q {-prolongation sequence S* of p-adically complete rings, a map of sets 
X(S°) — > Y(S r ) that is "functorial" in S* in the obvious sense. 

For any {S p , (^{-prolongation sequence S* , the shifted sequence S*[i], S[i] n := 
S n+i , is a new {6 P , (^{-prolongation sequence. Thus, any morphism / : X — > Y of 
order r induces maps of sets X(S l ) — > F(S fr+J ) that are functorial in S*. We can 
compose {5 P , (5 g |-morphisms / : X — ► Y, g :Y — > Z of orders r and s, respectively, 
and get a {(5 p , i5 g }-morphisms 5 o / : X — > Z of order r + s. There is a natural 
map from the set of {S p , 5 q }-morphisms X — > Y of order r into the set of {S p , di- 
morphisms X — > y of order r + 1, induced by the maps F(S"*) — > F(S"' +1 ) arising 
from the S ,r -algebra structure of S r+1 . 

Recall that given a scheme X over the ring A, if B is an A-algebra we let X(B) 
denote the set of all morphisms of ^4-schemes Spec B — * X, and any such morphism 
is called a B-point of X. For instance, recall that if X = A 1 = G a = Spec A[y], then 
X(B) is simply the set B itself because a morphism Spec B — > Spec is the same 
as a morphism A[y] — > _B, and the latter is uniquely determined by the image of y 
in _B. If on the other hand, X = G m — Spec^4[y, y~ x ] = Spec A[x, y]/(xy — 1), then 
X(B) = B x because Koui A {A[y, y^ 1 ], B) — B x via the map / h-> /(y). Finally, if 
X = Spec A[x,y]/(f(x,y)), then X{B) = {(a, 6) e S 2 : /(a, 6) = 0}. 

Definition 2.14. Let G and H be smooth group schemes over A. We say that 
G — > H is a {<5 P , 5 q }- homomorphism of order r if it is a {S p , <5 9 }-morphism of order 
r such that, for any prolongation sequence S* , the maps X(S°) — > F(S ,r ) are group 
homomorphisms. A {<5 P , 5 q }-character of order r of G is a {<5 p , <5 g }-homomorphism 
G — > G a of order r, where G a = SpecA[y] is the additive group scheme over A. 
The group of {S p , (5 9 }-characters of order r of G will be denoted by X£ g (G). 

Note that the group X£ (G) has a natural structure of t4[^ p , 5 9 ]-module. We 
shall view the {d p , (5 9 }-characters of G as "linear partial differential operators" on 
it. Of course, they are highly "non-linear" in the affine coordinates around various 
points of G. 

Let ip : G — ► G a be a {i5 p , i5 9 }-character of a commutative smooth group scheme 
G over A. For any {5 P , 5 g }-ring B over A, ip induces a Z-linear map 



sequence 




□ 



(21) 



i/> : G(B) -> G«(B) = fl . 



Definition 2.15. The group of solutions of -0 in B is the kernel of the map (|2f \ , 

that is to say, the group 

{u G G(B) I = 0} . 
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Given a subgroup T of G(B), the group of solutions of ip in T is will be the group 

{u e T | ipu = 0} . 



Example 2.16. Let us assume that A = R, and that G is a commutative smooth 
group scheme over R. We may consider the natural ring homomorphisms 

R[[q}] -> i? 



= ao 



\ - / |g=0 

and 

u (<?) = E„< a »9" i-> t/(oo) := (E„<o a » 
respectively, and the corresponding induced group homomorphisms 

[AZ > u ^ u(0) 
and 

(23) G^Ife- 1 ]]) - G(iZ) _ 

w 1 — ► u(oo) 

If e denotes the identity we have the natural diagram of groups 

G(qR[[q}}) - G(R[[q}}) - G(JJ((g)D 

T T T 

(24) {e} -> G(i?) -> G^fe.ff-T) , 

G^i?^ 1 ]]) - G( J R[[g- 1 ]]) - G( J R((g- 1 )D 

where G(gi?[[g]]) and G(q^ 1 i?[[<7 -1 ]]) are the kernels of the maps in (E3) and (H, 
respectively. 

We will think of the spectrum of the ring A = R((q)) as the pq "plane." The p- 
axis is the "arithmetic" direction, while the g-axis is "geometric;" q will be viewed 
as the "exponential of — 27rit" where t is "time." The operators 5 P and 5 q are 
"vector fields" along these two directions. 

Under these interpretations, the elements of R((q)) play the role of "functions in 
the variables" p, q. By considering (infinitely many) negative powers of q, we allow 
the corresponding "function" to have an "essential singularity as time approaches 
— ioo." The elements u = J2 n >o a «9™ °f tne power series ring R[[q]} inside R((q)) 
are viewed as the analogues of functions in two variables that, as time goes to 
infinity, approach a well defined limit function of the spatial variable, the function 
a Q = u(0). Here, the elements of the monoid R 5 ? — {x £ R : S p x = 0} are to be 
thought of as the "constant functions." 

Let ip be a {5 P , 5 g }-character of G. Considering the groups of solutions of tp in 
the various groups of (|24[1 above, we get a diagram 



(25) 



Ui - 


-> U+ - 




T 


T 


T 


{e} ~ 


-> Wo - 




I 


1 


i 


U-x - 


-> U- - 


-4 U+_ 
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We will usually denote by the groups in the above diagram. The elements of 
Uo will be referred to as stationary solutions of 0, and are interpreted as solutions 
that "do not depend on time." 

For go G pR, we may consider the ring homomorphism 

R[[q}] -> R 
q >-» 9o 

This is a {J p , <5 g }-ring homomorphism for go = 0, but not for qo ^ 0. The embedding 
Speci? — * Speci?[[g]] will be viewed as a "curve" in the "pg-plane." 

Corresponding to the homomorphism above, we may consider the specialization 
homomorphism 

G(R[[q}}) -+ G(R) 
u i-> u(q ) 

The "curve" associated to qo ^ will be thought of as a curve along which we 
impose "boundary conditions." For if uq G G(R), we will consider the "boundary 
value problem" with that initial data, that is to say, the problem of finding a 
solution (possibly unique) u G U + such that u(qo) = uq- When q = 0, u(0) G G(R) 
is thought of as the "limit of u as time goes to infinity," as mentioned earlier. This 
situation can be similarly stated for i?[[<7 -1 ]] instead of i? [[(?]]. 
We claim that the following hold: 

VKO)) = ty«)(0) for ueG(R[[q}}), 
[ ' tp(u(oo)) = (i/m)(oo) for u G G(R[[q^ 1 }]) . 

Indeed, in order to prove the first of these identities, it is enough to observe that, 
by the functorial definition of -0, we have a commutative diagram 

G(R[[q}\) % R[[q}] 

i- i- ) 

G(R) i R 

where the vertical arrows are induced by the {S p , 5 q }-iing homomorphism 

R[[q}} - R 
q i ^ 

The argument for the second of the identities is similar. 
The identities in l|26(l imply that 

(27) U ± =U xU±i, 

where x denotes the "internal direct product." 

We may unify this picture by considering the various groups of solutions IA* as 
subgroups of a single group. Indeed, let us consider the direct sum homomorphism 

G{R{{q)T)®G{R{{q^)T) R((q)r®R({q-')r 
VWV ■ G(R[q,q-T) R[q,Q-T 

where the denominators in the domain and range are diagonally embedded into the 
numerators. We then set 

U := ker (ip®tp), 

and refer to this group as the group of generalized solutions of -0. Its elements are 
the analogues of the generalized solutions of Sato. 

The groups U^- and naturally embed into U via the maps x i— > (— x,0) and 
x i ► (0, x), respectively, and the restrictions of these two embeddings to coincide. 
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Thus, all the groups U* in the diagram can be identified with subgroups of U, 
and we have 

U^C\U^ = W; , 
U+nU- = U , 
WiHW-i = {e}. 
Note that, a priori, we do not have U = U-> ■ U^. 

Next we introduce a concept of convolution in our setting. Let Zfj,(R) be the 
group ring of the group fi(R). That is to say, Z/x(i?) is the set of all functions / : 
fi(R) — > Z of finite support, equipped with pointwise addition, and multiplication 
★ given by convolution 

(/i*/ 2 )(C):= E /i(Ci)/a(0>). 

CiC2=C 

For any integer k G Z, we consider the ring homomorphism 
(28) Z/x(J2) l 4 Z M (i?) 

f -> /w ' 

where / W (C) : = /(CO- If C i? is the subring generated by fi(R), then we 

have a natural surjective (but not injective) ring homomorphism 

Zfi(R) -> Z[m(-R)] 

Now let i?((g ±1 ))^ be either R((q))~ or ^((g- 1 ))^, respectively. For C £ m(-R), 
we may consider the i?-algebra isomorphism 

u(g) i > u(Cg) 

that induces a group isomorphism 

Hence, the group G(i?((g ±1 )P) acquires a natural structure of Z^(i?)-module via 
convolution. Indeed, for any / S Z/i(i?) and it 6 G(i?((q ±1 ))^), we have 

/★ii:=^/(C)<7 f («), 

C 

essentially a "superposition" of translates of u. 

Note now that the homomorphism cr^ : i?((g ±1 ))^ — > i?((q ±:L ))^ is actually a 
{dp, <5 9 }-ring homomorphism: the commutation of and 5 9 is clear, while the 
commutation of o~q and S p follows because 

If ^ is a {(5 P , <5 g }-character of G, by the functorial definition of {6 P , (5 g }-characters 
we obtain a commutative diagram 

G(R(( q ±i)n z i?(( 9 ±i )r 

G(R((q^)n % R{{q ±l )T 
Hence, for any / G Z/z(i?) and u E G(R((q ±1 ))^), we have 
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That is to say, ip is Zfi(R)- module homomorphism. In particular, the groups 
U±i of solutions of V in G(i?((q ±1 )D are Zfj,(R)- submodules of G(i?((g ±1 )D 
respectively. Morally speaking, this says that a superposition of translates of a 
solution is again a solution. 

Let us additionally assume that G has relative dimension one over R. Let T 
be an etale coordinate on a neighborhood of the zero section in G such the zero 
section is given scheme theoretically by T = 0. Then the ring of functions on the 
completion of G along the zero section is isomorphic to a power series ring i?[[T]]. 
We fix such an isomorphism. Then we have an induced group isomorphism 

(29) i : g ±1 i2[[g ±1 ]] — > G(q ±1 R^q^]]) , 

where q ±1 i?[[g ±1 ]] is a group relative to a formal group law T{T\, T^) G R[[Ti, T2}] 
attached to G. We recall that the series [p"](T) G defined by multipli- 

cation by p n in the formal group J 7 , belongs to the ideal (p,T) n . We equip 
G(g ±1 i?[[q ,±1 ]]) with the topology induced via 1 from the (p, g ±1 )-adic topology 
on i?[[g ±1 ]]. Since G(<7 ±1 i?[[q ±1 ]]) is complete in this topology, the Z/x(i?)-module 
structure of G(g ±1 i?[[(7 ±1 ]]) extends uniquely to a Z/i(i?)^-module structure on 
G(g ±1 i?[[g ±1 ]]) in which multiplication by scalars is continuous. Here, Zfj,(RJ^ is, 
of course, the p-adic completion of Zfi(R). We observe that the ring homomorphism 



/o n \ Z/z(i?)~ — > R 

[ j / - /»:=E C /(C)C 

is surjective (but not injective). Clearly, the groups U±\ of solutions of ip are 
Z/x(i?)~- submodules of U±, respectively. 

Also, we note that a Mittag-Leffler argument shows that for any k coprime to p 
the map [k] : Z/j,(R)~ — ► Zn(R)~ is surjective. 

We end our discussion here by introducing boundary value operators at q ±x — 0. 
We start by considering, for any k £ Z, operators 

r K : R[[q^}} - R 

u = J2 a n q n 1 > T K u = a K 

We fix also a (5 g -character tp q of G. In the applications, for G = G Q , tp q will be the 
identity; and for G either <G m or an elliptic curve E over R, ip q will be the "Kolchin 
logarithmic derivative." If we fix a collection of non-zero integers K.± C Z±, and 
set p± := jj/C±, then we may consider the boundary value operator at q ±x = 0, 

(31) ^ 

= {B° K u) K€K± 

where B°u := T K tp q u. Here we view i? p± as a direct product i? p± = n K ex; ± ^« °f 
copies i? K of R indexed by JC±. 

It is easy to check that B± is a Z/i(i?)-module homomorphism provided that 
R p± be viewed as a Z/i(i?)-module with the following structure: for each k G /C±, 
the copy of R indexed by k in R p± is a Z^i(i?)-module via the ring homomorphism 

(32) Zn(R) l 4z^(R)X R. 

In other words, for / G Z/i(R) and (r K ) K G R p± , we have that 

/ ■(*•*)* := ((/ M )»r K ) K . 
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The restriction of B a ± to G(q ±1 J R[[ g ±1 ]]), 

(33) : G(q ±1 R[[q ±1 ]]) i?"±, 

is a Z/i(i?)^-modulc homomorphism where R p± is viewed as a Z/i(i?)^- module with 
the following structure: for each k 6 /C±, the copy of R indexed by K in R p± is a 
Z/i(i?)^-module via the ring homomorphism 

(34) Z^RyHl^RT'^R. 

It our applications, it will sometimes be the case that the Z/i(i?)^-module structure 
of hi±\ induces a certain structure of i?-module, and the restriction of B± to IA±\ 
becomes an i?-module homomorphism. 

Remark 2.17. The discussion in the previous Example applies to the case where 
G is one of the following group schemes over A = R: 

(1) G = & a '■= Specify], the additive group. 

(2) G = G m := Spec R[y, y~ l ], the multiplicative group. 

(3) G = E, an elliptic curve over R. 

The discussion, however, does not apply to the following case, which will also 
interest us later: 

(4) G = E, an elliptic curve over A = R((q))"~ that does not descend to R, for 
instance, the Tate curve. 

In this latter case, we will need new definitions for some of the groups (|25|) (cf. the 
discussion in our subsection on the Tate curve). 

3. Partial differential jet spaces of schemes 

In this section we introduce arithmetic-geometric partial differential jet spaces 
of schemes. We do this by analogy with the ordinary differential ones in geometry 
[3] and arithmetic |SJ respectively. We also record some of their general 
properties (that can be proven in a manner similar to the corresponding proofs 
in the ordinary case 0, proofs that, therefore, will be omitted here.) We recall 
that the {S p , 5 q }-rmg A we have fixed is a j?-adically complete Noetherian integral 
domain of characteristic zero. 

For any scheme X of finite type over A, we define a projective system of p-adic 
formal schemes 

(35) > Jpq(X) — > Jp q 1 (X) —>...—> J pq (X) — * Jp q {X) = X , 

called the {S p , S q }-jet spaces of X. 

Let us assume first that X is affine, that is to say, X — Spec A[y]/I, where y is 
a tuple of indeterminates. We then set 

j; q (X) := Spf A[y, Dy,..., £>"j/]7(/, DI, . . . , D n I) . 

The sequence of rings {0{J pq (X))} n >Q has a natural structure of {S p , <5 9 }-prolongat- 
ion sequence 0(J*(X)), and the latter has the following universality property that 
can be easily checked. 

Proposition 3.1. For any {S p ,5 q }-prolongation sequence S* that consists of p- 
adically complete rings, and for any homomorphism u : O(X) — > 5° over A, there 
is a unique morphism of {5 p , 6 q } -prolongation sequences 

u* = (u n ):0(J*(X))^S*, 
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with Uq = U. 

Proof. Similar to [9], Proposition 3.3. □ 
As a consequence we get that, for affine X, the construction X i— * J r (X) is 
compatible with localization in the following sense: 

Corollary 3.2. If X = SpccB and U = SpecS/, / e B, then 

o(j; q (u)) = (o(j; q (x)) f r. 

Equivalently, 

j; q (u) = j; q (x)x Jt u. 

Proof. Similar to 0, Corollary 3.4. □ 

Consequently, for X that is not necessarily afhne, we can define a formal scheme 
Jp q (X) by gluing the various schemes Jp„(Ui) for {Ui} an affine Zariski open cov- 
ering of X. The resulting formal scheme will have a corresponding universality 
property, whose complete formulation and verification we leave to the reader. 

Remark 3.3. If G a = Spec A[y] is the additive group scheme over A, then 

j; q (G a ) = Spf A[y,Dy,...,D n yr. 

If G m = Spec A[y, y^ 1 ] is the multiplicative group scheme over A, then 

j; q {G m ) = Spf A[y, y-\Dy, D n yT . 



Remark 3.4. By the universality property of jet spaces, we have that 

j; q {x xy)^ j; q {x) x j; q {Y) 

where the product on the left hand side is taken in the category of schemes of finite 
type over A, and the product on the right hand side is taken in the category of 
formal schemes over A. In the same vein, if X is a group scheme of finite type 
over A, then (|35|l is a projective system of groups in the category of p-adic formal 
schemes over A. 

Remark 3.5. By the universality property of jet spaces, the set of order r {S p , di- 
morphisms X — > Y between two schemes of finite type over A naturally identifies 
with the set of morphisms over A of formal schemes Jp q (X) — > Jp q (Y) = Y. In 
particular, the set Op q (X) of all order r {S p , <5 9 }-morphisms X — > A 1 identifies 
with the ring of global functions 0(Jp q (X)). If G is a group scheme of finite type 
over A, then the group ~Kp q (G) of order r {S p , <5 9 }-characters G — > G a identifies 
with the group of homomorphisms Jp q (G) — > G a , and thus, it identifies with an 
A-submodule of 0(J r pq {G)). Let 

0~(X) :=lhnO r pq (X) 

be the {S p ,5 q }-img of all {5 P , (5 g }-morphisms X — > A 1 , and let 

X~(X) :=limX; g (I) 

be the group of {S p , 5 g }-characters G — > G a . Then Op^(X) has a natural structure 
of A[(j) p , 5 g ]-module, and X^(JT) is an A[<j> p , <5 g ]-submodule. 
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Proposition 3.6. Let X be a smooth affine scheme over A, and let u : A[y] — > 
O(X) be an Stale morphism, where y is a d-tuple of indeterminates. Let yfofi be 
d-tuples of indeterminates, where i,j > 0. Then the natural morphism 

o(x)[ y ^ \i< i+j < n r^o(j; q (x)) 

that sends y^> into S l p 5 J q (u(y)) is an isomorphism. In particular, we have an 
isomorphism of formal schemes over A 

J2 q (X)~Xx A^. 
Proof. The argument is similar to that used in Proposition 3.13 of □ 
Corollary 3.7. If Y — > X is an etale morphism of smooth schemes over A then 

j; q (Y)^j; q {x)-K x Y . 

Remark 3.8. The jet spaces with respect to a derivation [2] that arises in the 
Ritt-Kolchin theory [20] [2H| are "covered" by of our {S p , <5 ? }-jet spaces here. The 
same holds for the p-jet spaces (with respect to a p-derivation) constructed in [5]. 
More precisely, if we for affine X/A we set 

J£(X) := Spec A[y,5 q y,...,S^y]/(I,S q I,..., 8^1), 
j;(X) := Spf A[y, S p y, 5^/(1, S p I, . . . , <S*J) , 

then we have natural morphisms 

The same holds then for any scheme X, not necessarily affine. The elements of 
O q (X) := 0(J q (X)) identify with the <5,j-morphisms X — * A 1 ; the elements of 
O r p {X) := 0(J£(X)) identify with the 5 p -morphisms X -> A 1 . The homomor- 
phisms J q {G) — > G a identify with the ^-characters G — > G a ; the homomorphisms 
Jp(G) — > G a identify with the <5 p -characters G — > G . 

Remark 3.9. The functors X i— > J pq (X) from the category C of A-schemes of finite 
type to the category C of p-adic formal schemes naturally extends to a functor from 
B to C, where 6 is the category whose objects as the same as those in C, hence 
06C = ObB, and whose morphisms are defined by 

Eom B (X,Y) := Hom c -(X,y) 

for all X,Y e ObB. 

4. Partial differential jet spaces of formal groups 

In this section we attach to any formal group law T in one variable, certain formal 
groups in several variables that should be thought of as arithmetic-geometric partial 
differential jets of T. We use the interplay between these and the partial differential 
jet spaces of schemes introduced in the previous section to prove that the module of 
{S p) 8 q {-characters is finitely generated. We also define the notion of Picard-Fuchs 
symbol of a {S p , <5 9 }-character, which will play a key role later. 

Let A be our fixed {S p ,8 q }-r'mg and y a d-tuple of variables. For any G 6 
A[[y, Dy, . . . , D n y]], we let G\ y=0 E A[[Dy, . . . , D n y]] denote the series obtained 
from G by setting y — 0, while keeping S p S J q y unchanged for i + j > 1. We recall 
that L stands for the field of fractions of A. 
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Lemma 4.1. For a, b G Z +) we set B := A[Dy, D a+b y]~. Then: 

1) //G6%]][i,» 1 ...,i}j] ) ta(fG) M 6 5. 

2) IfFeA[[y}},then(S;5 b q F) ly=0 eB. 

3) In £/ie cose where y is a single variable, if F = J^ n>1 c n y" G and 
nc„ G A, i/ien (^^F)| a=0 G B and (<f^F)\ y=Q E pB. 

Proof. For the proof assertion 1), we may assume that G = a(y)-(5 q y) 11 . . . (S b yY b , 
a(y) G A[[y]]. We have that 

(36) y* a -y? a =p$ ai $ a G Z[y, 6 p y, . . . , 8 a p y] , 

and so we get ((j>%G)\ y=0 = (^a(y)) b=0 • [WgW 1 ■ ■ ■ (r p S b q yY%=o- 

It is clear that [(</%6 q yy* . . . {(t>p5\y) ib ]\ v =o G Z[£>y, . . . , L> a+b y]. On the other 
hand, if a(y) = En>o a nV n i by l|36|l we then have that 

(r p a(v))\v=o = (E„>o°r (j/ P<> +^a)")|y=o 

= E„>0<V(( $ a)b=0)", 

which is an element of A[<5 p y, . . . , <$p2/P. 

For the proof of the second part, we first use induction to check that S b F G 
A[[y]][<5 g y, . . . , 6 b y]. By the part of the Lemma already proven, we conclude that 
(<f>pS b q F) ly=0 G A[Dy, D a+b yf. Assertion 2) then follows because p a 5 p l 5 b F be- 
longs to the ring generated by 4> p 5 b F with i < a. 

For assertion 3), we first use induction to check that 

(37) 6 b q F = Y,(S h q c n )y n + G b , G b G A[[y]][8 q y, . . . ,6 b y] . 

n>l 

Indeed, this is true for 6 = 0, with Go = 0, and if true for some b, then 

n>l n>l 

by the induction hypothesis and the fact that nc n G A. By l|37|) . we derive that 

(^i%=o = 5>^c B )(y*°H|v=o + (^G 6 ) b=0 . 
n>l 

By the second part of the Lemma proven above, (4>pGb)\ y =o G A[(5p<5^y |i<i+j<a+6P- 
On the other hand 

\En>lU$8 b q Cn)(v+S) n ] ]y= o = lEn>M5 b q Cn)(y pa +P<S> a y%=0 

= E„>i(^^c n )P n ((*-)|»=o) w . 

which belongs to pA[Dy, . . . , D a+b yY~ because c n p n = nc n (p n /n) G pA, and it 
defines a sequence that converge to as n — > oc. □ 
Let now T be one variable, (T\, T2) a pair of "copies" of T, and J 7 := TiTi, T 2 ) G 
A[p~i,T2]] be a formal group law in the variable T. Then, as in p. 124, the 
tuple 

(38) (T, DT,..., D n T) G A[[Ti, T 2 , DT U DT 2 , D n T x , D n T 2 }} (n+ T +2) 

is a formal group law over A in the variables T, DT, . . . , D n T. Consequently, the 
tuple 

(39) (^| Tl=T2=0 , . . . , D n T lTl=T2=0 ) G A[[DT X , DT 2 , D n T 1} D n T 2 }}^ 
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is a formal group law over A in the variables DT, . . . , D n T. By the second part 
of Lemma IP this series © belong to A[DT 1 ,DT 2 , . . . , D n Ti, D n T 2 \~ , so they 
define a structure of group objects in the category of formal schemes over A, 

(40) (A^,[+]). 

Let I = l(T) e L[[T}} be the logarithm of T (cf. [2HI), and let a + b < n. By 
assertion 3) of Lemma T4. II we have that 

L [a.b] ._ p «(6) (0-jJi) 1T=o g ^r, . . . , £)"TP, 

where e(b) is either or —1 if b > or b = 0, respectively. So L^' 6 ! defines a 
morphism of formal schemes 

L{aM . _^ kl 

As in 9 , p. 125, the morphism L\ a ^ above is actually a homomorphism 

(41) :(A^,[+])^ <S a = (A 1 ,+) 

of group objects in the category of formal schemes. 

We let G be G a , G m , or an elliptic curve (defined by a Weierstrass equation) 
over A, and let T be the formal group law naturally attached to G. In the case 
G = G a = Spec .A [y], we let T — y. In the case G = G m = Spec A[y, y~ x ], we let 
T = y — 1. And if G = -E, we let T be an etale coordinate in a neighborhood U of 
the zero section such that is the zero scheme of T in U. The group 

ker( J™ (G) - J° ? (G) - G) 

is isomorphic to the group J30J. 

Let e(T) g L[[T]] be the exponential of the formal group law T (that is to say, 
the compositional inverse of l(T) G £[[T]]). We have e(pT) G pTA[T]^. We may 
consider the map 

( 42 n A[[T]][DT, ...,DTr oe ^X ] A[T,DT,...,D r T]~ 

G^Goe(pT) := G(6 p 6^e(pT)) \ < i+j < r ) ' 

On the other hand, by Proposition 13 . 61 we may consider the natural map 

0(J r pq (G))^A[[T]}[DT,...,D r Tr, 

which by the said Proposition is injective with torsion free cokernel. We shall view 
this map as an inclusion. (Note that this is the case, more generally, when G is 
replaced by a smooth scheme over A and T is an etale coordinate.) 

Lemma 4.2. For any {5 P , 5 q }-character ip G 0(Jp q (G)), the series ip o e(pT) is in 
the A-linear span of {(j/ S^T |o<i+j<r}- 

Proof. Clearly F := ip o e(pT) is additive, that is to say, 

F{T X + T 2 , . . . , D r (Ti + T 2 )) = F(Ti, . . . , D r T x ) + F{T 2 , D r T 2 ) . 

But the only additive elements in 

A[l/ P ] [[T, DT,..., D r T\] = A[l/p] [[fitfi \ < i+j < r }} 

are those in the A[l/p]-linear span of {tj&S^T |o<i+j<r}- We are thus left to show 
that if 

aaWT G pA[T, DT,..., D r T}~ 
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for dij 6 A, then S for all Let fly £ A/pA be the images of ay. Then 
we have 

Y, M$Ff = € (A/pA)[T, S q T, S r q T] , 
which clearly implies — for all □ 

Corollary 4.3. The A-module ~X. r pq {G) of {5 p , 5 q}- characters or order r is finitely 
generated of rank at most 

(r + l)(r + 2) 
2 

Proof. By Lemma 14.21 we have that ~K r pq (G) embeds into a finitely generated A- 
module of rank at most ( r + 1 K r + 2 ) 4 The result follows because A is Noetherian. □ 

In light of Lemma [4.21 if -0 is a {5 p , 5 g }-character of G then, as an element of 
the ring ^4[[T]]iDT, . . . , J3T]", ip can be identified with the series 

(43) i> = -a{(^,S q )l(T), 

where a = ct(£pj£?) S A[£ p ,£ 9 ] is a polynomial. 

Definition 4.4. The polynomial a is the Picard-Fuchs symbol of ip with respect to 
T. 

Cf. |S] for comments on the terminology. In a more general context, we will later 
define what we call the Frechet symbol, and will explain the relation between these 
two symbol notions. 

The following Lemmas will also be needed later. 



Lemma 4.5. 

(L^ o e(pT)) = (p 1+ < b U;S b q T) 

J |T=0 V v 1 J | T=0 



□ 



Proof. We have 

°e(pT)) |T=Q = p< b Hr p S b q l)(0,5 p (e(pT)),5 q (e( P T)),...) lT=0 

= p< b \r p S b l)(e(pT), S p (e(pT)),S q (e(pT)), . . .), T=0 

= (p^r p 5 b (l(e(pT))))\ T=0 

= ( P ^r p s b T) lT=o . 

Lemma 4.6. The family {L^' 6 ! |i< a +h< r } is A-linearly independent. 
Proof. By Lemma 14. 51 it is enough to check that the family 

{(4>p<> q T) \T=0,l<a+b<r} 

is A-linearly independent. Let us assume that 

J2 \ ab (cb a p 5 b T) lT=0 = 0. 

a+b>l 

This implies that 

Y Kb^T e TA[T, DT, D 2 T, . . .] c TL%b\T |,> 0j > ] , 

a+b>l 

which clearly implies X a b — for all a, b. □ 
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5. FRECHET DERIVATIVES AND SYMBOLS 

We now develop arithmetic-geometric analogues of some classical constructions 
in the calculus of variations, including Frechet derivatives and Euler-Lagrange 
equations. We use the Frechet derivatives to define Frechet symbols of {6 p ,5 q }- 
characters, and we relate Frechet symbols to the previously defined Picard-Fuchs 
symbols. 

5.1. Frechet derivative. We recall that for a smooth scheme X over A, we denote 

by 

T(X) :=SpecSymm(fi XM ) 
the tangent scheme of X. Also, we set 

0™(X) = limO; q (X). 

Let 7r : T(X) — » X be the canonical projection. Using ideas in [5], we construct a 
natural compatible sequence of A-derivations 

(44) e : o; q (x) -> o; q (T(x)) 

inducing an A-derivation 

(45) 6 : 0~(X) -> 0%(T(X)), 

respecting the filtration by orders. We call 0/ the {5 P , S q }-tangent map or Frechet 
derivative of /. (In the ordinary case treated in [H] O was denoted by T.) The 
construction is local and natural, so it provides a global concept. Thus, we may 
assume that X is affine. 

For any ring S, we denote by S[e] (where e 2 = 0) the ring S(BeS of dual numbers 
over S. Note that any prolongation sequence S* = {S r } can be uniquely extended 
to a prolongation sequence S*[e] — {S r [e]} where 5 p e = e, and so <f) p {e) = pe, 
and 6 q e — 0, respectively. In particular, we have a {S p , <5 9 }-prolongation sequence 
0; q (T(X))[e] = {0; q (T(X))[e}}. 

On the other hand, we have a natural inclusion 0(X) C 0(T(X)), and a natural 
derivation 

(46) d : O(X) O(TpO) = Symm(Q 0(x)M ) 

induced by the universal Kahler derivation d : O(X) — > fio(x)/yi- Hence, we have 
an A- algebra map 

O(X) -> 0(T(X))[e] 
f ^ f + e-df • 

By the universality property of C* g (A"), there are naturally induced ring homomor- 
phisms 

(47) ^ ? (X)->^ g (T(X))[e] 
whose composition with the first projection 

0; q (T(X))[e] p -5 0^(T(X)) 
a + eb i ► a 

is the identity. Composing the morphism 147|l with the second projection 

O r pq (T(X))[e] ?5 o; 9 (T(x)) ^ 

a + e& i ^ b 
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we get A-derivations as in l|44(l . which agree with each other as r varies, hence 
induce an ^-derivation as in l|45(l . Note that 8 restricted to O(X) equals d. Also 
the map /•—>/ + e@/ in 14711 commutes with <p p and 5 q (by universality). In 
particular we get that 

U o\ © ° <t>p = p ■ 4> P ° Q , 

1 J 9o5 9 = 5,o6. 

Clearly we have the following: 

Proposition 5.1. T/ie mapping 8 zs i/ie unique A-derivation 

o™(x) - o~(t(a:)) 

extending d in (|46|l and satisfying the commutation relations in (I48|) . 

Corollary 5.2. For any A-derivation d : Ojf — > Ox, iAere exists a unique deriva- 
tion 

(49) doo : 0%(X) - 0~(X) 

extending d and satisfying the commutation relations 

/ 5 qx #00 ° </>p = p • (j) p o doo , 

9oo ° <5g = (5 g O doe . 

The first of the two conditions above says that <9oo is a <5 p -derivation. The 
derivation extends the derivation <9» on O p x '(X) in [Hj, Definition 3.40. 

Proof. The uniqueness is clear. For the proof of existence, we may assume that 
X is affine. By the universality property of the Kahler differentials, d induces an 
(D(X)-module map 

(d, ) : n 0{x)/A -> 0{X) 
such that (d,df) = df for all / G O(^0- By the universality property of the 
symmetric algebra, we get an induced 0(A)-algebra map 

0(T(X)) -► 

Composing this map with the inclusion O(X) C 0^(A), we get a homomorphism 

0(T(X))-»0~(X). 

By the universality property of {S p , S q }-jet spaces, we get a {5 P , <5 g }-ring homomor- 
phism 

(d, U : <D™(T(X)) ^ <D™(X) , 

which is an Op^(X)- algebra homomorphism. Composing the latter with the Frechet 
derivative 

0:O~(X)-O~(T(X)), 
we get an A-derivation as in (|49(l . 

d 00 f=(d,ef) 00 , feO£(X), 

which clearly satisfies all the required properties. □ 

Definition 5.3. The derivation doo in Corollary 15. 21 is the prolongation of d. An 
infinitesimal oo- symmetry of an element / 6 O^(X) is an A-derivation 9 : Ox — * 
Ox such that d^f = 0. 

The concept introduced above is an analogue of that of an infinitesimal symmetry 
in differential geometry 24 j . Note that the concept of infinitesimal co-symmetry 
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does not reduce in the ordinary arithmetic case to the concept in [2], Definition 
3.48. Again, the difference lies in the powers of p occurring in these two definitions. 

Next we examine the image of the Frechet derivative. For any affine X, let us 
define 

r 

(51) 0; q (T(X))+ := E W-^WCCTCT. 

i+j=ofeO(x) 

Note that if u>i, ...,uid is a basis of ftx/A (f° r instance, if Ti, . . . ,Td G 0{X) is 
a system of etale coordinates and Wj = dTi), then O r (T{X)) + is a free O pq (X)- 
module with basis {4> l p 5 q Lu m |i< m <d,o<i+j<r}- 

Proposition 5.4. The image of the map 6 : O pq (X) — > 0£ ? (T(X)) is contained 
inO; q (T(X))+. 

Proof. Since 8 is an A-derivation and O pq (X) is topologically generated by A 
and elements of the form 5 p S q f with i + j < r, f G 0(A), it suffices to check that 
for any such i, j, /, we have that 9(^^/) £ 0£ g (T(X))+. 

But 

0(^7) = pr 2 (^(/ + e4f)) 

= P r 2 (S p (5 q f + eS q (df))) . 

By [5], Lemma 3.34, the latter has the form 

i 

where are polynomials with ^-coefficients, and we are done. □ 

Remark 5.5. The Frechet derivative is functorial with respect to pull back in the 
following sense. Let / : Y — > X be a morphism of p-adic formal schemes between 
the p-adic completions of two schemes, X and Y, of finite type over A. Cf. Remark 
13.91 Then we have a natural commutative diagram 

o; q (x) £ o; q (Y) 

(52) ei |6 

o; q (T(x)) £ o; q (T(Y)) 

5.2. Frechet symbol. We assume in what follows that X has relative dimension 
1 over A. Let / G O pq (X), and let w be a basis of fix/ A- Then we can write 

(53) 6/ = Of tU> ((f> p , S q )uj = ^2 a ii4>p5 q u , 
where 9f jU is a polynomial 

= e f AZp,ti) = e o r pq {x)[^i q \ . 

If, in addition, we have given an A-point P G X(A), by the universality property 
of {Sp,5 q }-]et spaces, we obtain a naturally induced lift P r G J pq (X)(A) of P. For 
any g G O pq (X) = 0(J pq (Xj), we denote by g(P) G A the image of g under the 
"evaluation" homomorphism O pq (X) — > ^4 induced by P r . Then we may consider 
the polynomial 
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Definition 5.6. The polynomial 6f )UJ is the Frechet symbol of / with respect to lo. 
The polynomial 9f lUt p is the Frechet symbol of / at P with respect to u>. 

The polynomials 6f M and 9f. u .p have a certain covariance property with respect 
to lo, which we explain next. 

Definition 5.7. Let B be any {8 P , 5 q }-rmg in which p is a non-zero divisor. We 
define the (right) action of the group B x on the ring B[£ p , £ g ] as follows. If b £ B x 
and 9 £ B[£ p ,£ q ], then 9 - b 6 _B[£ p ,£ g ] is the unique polynomial with the property 
that for any {S p , <5 g }-ring extension C of B, and any x G C, we have 

((0-6) *,))(») =9(<l> p ,S q )-(bx). 



Now taking to be either O^(X) or A, it is easy to see that 
(54) 



'pq\ 

Of,gu = Of,w ■ g^ 1 

\g^.p = Of,u,p ■ (g(P)Y 



In particular, 9t u p only depends on the image u>(P) of u in the cotangent space 
of X at P, flx/A ®o(X),p A, where A here is viewed as an C(X)-module via the 
evaluation map P : O(X) — > A. 

Remark 5.8. The proof of Corollarv l5.2l and (|53J) show that if u> is a basis of Vtx/A 
and d : Ox — * Ox is an A- derivation, then for any / S Op^(X) we have that 

(55) doof = (d, 9f >U) (<p p , S q )uj)oo = 6f,u(<f>p, 6 q )((d, lo)), 

where 0j tU1 is the Frechet symbol of / with respect to lo. 

Our next proposition relates Frechet symbols of {S p , ^-characters to the Picard- 
Fuchs symbol; cf. Definition 14.41 This will be useful later, as in the applications to 
come, the Picard-Fuchs symbols will be easy to compute. 

We let G be either G a , or G m , or an elliptic curve over A. 

Proposition 5.9. Assume that lo is an A-basis for the invariant 1- forms on G, 
and let ip be a {5 P , 5 q } -character of G. Let 9 — 9^^ £ C£g[£p,£g] ^ e ^ e Frechet 
symbol of if) with respect to lo, and let a £ A[^ p ,^ q ] be the Picard-Fuchs symbol of 
if) with respect to an etale coordinate T at the origin such that u>(0) = dT . Then 

rr(P) = nft 



Remark 5.10. 

1) The relation = p9 reads a(p^ p , £ q ) = p9(£ p , £ q ). 

2) The expression above implies that, in particular, 9 £ A[£ p ,£ q ], and Qip = 
±a(p(f> p ,S q )Lj. 

3) If Lic(G) denotes the ^-module of invariant A-derivations of Oq, and if 
d £ Lie(G), by (|55(l wc then have that 

(56) d 0O Tp = ^a(p<P P ,6 q )({d,u)) £ A. 

In particular, d is an infinitesimal co-symmetry of ip if, and only if, the 
element u := (d,uj) £ A = G a (A) is a solution to the {S p , <5 g }-character of 
G a = SpecA[y] defined by ^-a(p(j) p ,5 q )y £ A{y}. 
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Proof of Provosition f5Jft Consider the diagram in Ij52(l with X = G, Y = G„, 
and / = e(pT). By the definition of the Picard-Fuchs symbol, if a — J2 a ij£,p£,q 
then 

e(pT)V = 

Applying the Frechet derivative to this identity, and using the commutativity of 
the diagram (|52Jl . we get that 

(57) e(pT)*9^ = 0(e(pT)V) = e(£ay#<5*r) = 53aypVp^(«ff) ■ 

On the other hand, we may write = Y^bij£ p £ q , with fey 6 O p JG). By the 
definition of the Frechet symbol, we have Qip = bij^S^uj, and since w(0) = cff, 
we have that oj — dl(T), where l(T) is the compositional inverse of e(T). Therefore, 
e{pT)*uj = d{l{e{pT))) = pdT. We obtain that 

(58) e(pT)*Q^ = e(pT)* (]T 6y^w) = p]T b^S^dT) . 

The identities JS3 and (JSHJ imply that (£ a^pVp^) = P (E K •4 > P §0 q) ( dT )> 
and this finishes the proof. □ 

5.3. Euler- Lagrange equations. The Frechet symbol can be also used to intro- 
duce an Euler-Lagrange formalism in our setting. In order to explain this, we begin 
by making the following definition. 

Definition 5.11. Let B be any {6 P , <5 q }-ring in which p is a non-zero divisor. For 
any r > 1, we denote by B[£ p ,£ q ] r the submodule of the polynomial ring _B[£p,£ g ] 
consisting of all polynomials of degree < r. The adjunction map 

Af:B[^] r ^B[C P ,^][l/p] 

is defined by 

(59) Ad r (J2 bij&i) ■= X : U, l< 'n< % ' >'.■ ■ 

ij ij 

This map induces an adjunction map 

ad r :B[Z p ,Z g ] r ^B[l/p] 

by 

ad r (Q) := (Af(Q)(^,<y)(l), 
which is explicitly given by 

(60) a <rC£ 6<4ej) : X : n > ' J °'. 'V>-- ■ 

ij ij 

For any Q € B[£ p ,£ q ] r , we have 

ad r+1 (Q) = {ad r {Q)f . 



This adjunction map is a hybrid between the "familiar" adjunction map for 
usual linear differential operators with respect to S q (as encountered after the usual 
integration by parts argument in the calculus of variations), and the adjunction 
map for ^-characters (as defined in [2]). The definition of the adjunction map 
above might seem ad hoc, and somewhat complicated, but it is justified by the 
following covariance property. 
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Lemma 5.12. For any Q S B[^ p ,^ q ] r and b <E B, we have that 

ad r {Q-b) = b' t>r -ad r {Q). 
Proof. This follows from a direct computation. □ 

The mapping ad r is related (but does not coincide) with the mapping ad r defined 
in UU, p. 92. Indeed, the powers of p in the definitions of ad r and ad r are different. 

Returning to our geometric setting, let X/A be a smooth scheme of relative 
dimension 1, let / € OZ q (X), and let d : Ox — ► Ox be an A-derivation. We define 
an element e r j d £ 0^(X)[l/p] as follows. Let us assume first that X is affine and 
Vtx/A is free with basis ui. We let B in the discussion above be the {8 P , <5 g }-ring 
Op^(X). We consider the Frechet symbol £ 0^(X)[£ p , £ 9 ] r , and its image 
under acf, ad r (6 } ^) 6 Then we set 

(61) e£ fl := (5,^)^ • adT{9 f , u ) e 0£(X)[l/i>] . 

By Lemma f5 . 1 21 and ()54|l . a does not depend on the choice of oj. Therefore, this 
definition globalizes to one in the case when X is not necessarily affine and Six /A 
is not necessarily free. 

Definition 5.13. We say that the element e^- q is the Euler- Lagrange equation 
attached to the Lagrangian f and the vector field d. 

Definition 5.14. An energy function of order r on G is a {<5 P , 5,j}-morphism 
H : G A 1 that can be written as 

(62) H = Y,h iJ 1>i1> j , 

where hij 6 A and ^ are 5 g }-characters of G of order r. 

Proposition 5.15. If H is an energy function of order r on G and d : Oq — > Og *s 

an A-derivation that constitutes a basis o/Lie(G), then the Euler- Lagrange equation 
e r H g is a K-multiple of a {8 „, 8 q }- character. 

Proof. Let us assume that H is an in (52) i an( l let w be an A-basis of the invariant 
I-forms on G. Let 

(63) Otl>i,w = 22 a imntj™£,Q ■ 

mn 

Then 

®h = 'E tj hi j (ri> i eii> j + ii> J eii> i ) 

Hence 

(64) e r HtB = (d, w)* r • J2 (-l) n p- mn ^r ro ^[%( a i^»^ + W^)] . 

and we are done. □ 

Definition 5.16. A boundary element in Op^(X) ® if is an element of the form 
(5 g a + 4> p b — b, for some a, 6 £ O^(A') <g> if. 

The following can be interpreted as an analogue of Noether's Theorem in me- 
chanics 24_ . It is a hybrid between the usual Noether Theorem and the "arithmetic 
Noether Theorem" in UJ. We state it in the affine case. 
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Proposition 5.17. Let X be an affine smooth scheme over A of relative dimension 
1, and let d : Ox — * Ox be an A-derivation that is a basis for the 0(X)-module of 
all A- derivations. Then, for any f £ Op q (X) we that e r j g — doof S O^(X) ® K is 
a boundary element. In particular, if d is an infinitesimal oo-symmetry of f, then 
£j q is a boundary element. 

Proof. Let w be a basis of flx/A, and let 9f^ — E bij£, p ^ q f° r hj £ ®pq{X). We 
set v :— (d,u)) e 0(X) X (in what follows we might assume that v = 1, but this 
would not simplify the computation), and denote by = the congruence relation in 
0™(X) (g> K modulo the group of boundary elements. Then we have 

doof = E b ij<l>i S q v = E hjP^ l] 5 q 4> p v 
We also we have that 

Consequently, 

e} >d - <W = ^(-l)V y '(C 4 - mibiiMv)] = 
because 0^ — 1 is divisible by <f> p — 1 in □ 

6. Additive group 

In this section we prove our main results about {5 p , <5 g }-characters and their 
space of solutions in the case where G is the additive group. 

Let G a = SpecA[y] be the additive group over our fixed {5 P , <5 9 }-ring A. We 
equip G a with the invariant 1-form 

u> := dy . 

Proposition 6.1. The A-module Xp 9 (G a ) of {S p , 5 q }- characters of order r on <G a 
is free with basis 

Wp&qV |o<i+i<r} ■ 

Hence the A[4> p ,5 q ]-module X^(G a ) of {8 p , 5 q }- characters ofQ a is free of rank one 
with basis y. 

Proof. Same argument as in the proof of Lemma l4.2l □ 
Throughout the rest of this section, we let A = R. In particular, the notation 
and discussion in Example 12 . 161 applies to G a over R. 

By Proposition l6.ll any {S p , <5 g }-character of G a can be written uniquely as 

(65) := V a ■= 5 i)v e R\y, Dy,..., D n y r, 

where 

is a polynomial. Note that the Picard-Fuchs symbol cr(£ p , £ q ) of ip a with respect to 
the etale coordinate T = y is given by 

The Frechet symbol of ip a with respect to u = dy is 
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Definition 6.2. We say that /u(£ P ,£ 9 ) is the characteristic polynomial of the char- 
acter tp a - We say that the {S p , (5 9 }-character ip a is non- degenerate if /x(0,0) G i? x . 
Given a non-degenerate character ip a , we say that n G Z is a characteristic inte- 
ger of V'a if /u(0, k) = 0. (Note that any characteristic integer of a non-degenerate 
{5p,5 q }— character ip a must be coprime to p.) We say that k G Z is a totally 
non- characteristic integer if k ^ mod p and /z(0, k) ^ mod p. We denote by JC 
the set of all characteristic integers of ip a , and set JC± := /C Pi 7L±. We denote by K' 
the set of all totally non-characteristic integers. For all ^ k G Z and a e R, we 
define the &aszc series of ^ a by 

: =<k,« : = E„>o 6 «,«^( a 9 K ) 
(66) = E„>cA,k« V p " 

= c< + --- e^i?^ 1 ]], 

where {6„, K }n>o is the sequence of elements in R defined inductively by bo, K = 1, 

67 b n , K := ^ — - -L , n > 1 . 

In this last expression, the denominator is congruent to fi(0, 0) mod p (and is 
therefore an element of R x ) . 

The next Lemma intuitively says that the two collections of series {u a , K ,i k ^ 0} 
and {q K | k 7^ 0} "diagonalize" Vv 

Lemma 6.3. For all ^ k € Ti and a G R we have ^ a u a ,K. a = At(0, k) • ag K . 
Proof. The desired result follows from the following computation: 

1paU a , K ,a = Ei,j,m>0 fti^^^^^O) 

= E„-, m >o /%< K «V"V P +r ><Z K ) 



E„> (E s >o (E,>oM,^V ( "- s) ) C) ^to") 



= /u(0, n)aq K . 

□ 

For any series u G i?[[q ±:L ]] let u G fcf^ 1 ]] denote the reduction of u mod p; we 
recall that fc = R/pR. Also we denote by 



the reduction mod p of the characteristic polynomial £i(£j>,£ 9 )- It is convenient to 
introduce the following terminology. 

Definition 6.4. We say that a polynomial /i G -R[£p,£ 9 ] is unmixed if /ty = for 
ij ^ and there exists i ^ such that /x^o 7^ 0. Equivalently, /1 is unmixed if 

Mfe,^) = A(^,o) + Mo,^)-Mo,o), 

and 

M(£ P ,0)^£(0,0). 
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Definition 6.5. We say that S C Z + \{0} is short if 

max S p 
min S 2 

We say that S C Z_\{0} is short if the set —S is short. In particular, a set 
S C Z\{0} consisting of a single element is short. 

Lemma 6.6. Let S C Z±\pZ± be a non-empty finite set of either positive or 
negative integers, and let 

k£S 

where a K £ R, not all of them in pR. Then the following hold: 

(1) u is integral over k[q ], and the field extension k(q) C k(q,u) is Abelian 
with Galois group killed by p. 

(2) If n is unmixed, then u ^ k(q). 

(3) If ii is unmixed and S is short, then u is transcendental over K(q). 

Proof. Let us assume that S C Z + . The case S C Z_ is treated in a similar 
manner. 

We prove assertion 1. By l|67(l . for n > 1, we have that 

= -(MOO)" 1 (E"=1 fisQb P n _ s ^ + J2j>0 PnjK 
= -(Moo)" 1 (E s >1 ftsoK-s,K + Ej>l ftnjK 3 

Also 

k£S n>0 

Let us denote by F p : k — > k the p-th power Frobenius map. Consider the polyno- 
mial g{q) £ k[q] given by 

<?(<?) = E Ke 5[/ 2 ( F P.«)-M(^>,0)- M (0, K )](ag K ) 

= Ekss E„>o Ej>i Pnjrfog q Kpn - E«es Ej>o ^Oj^a K q K , 

and define the polynomial G(t) £ k(q)[t] by 

G(t) :=Y,fisot pS +9(q)- 

s>0 

We have that G(t) has an invertible leading coefficient, is separable (dG/dt = j2oo), 
and has u as a root: 

G (") = E« G sE s >oE„>oM s o&Caf n + V;f +s 

+ E Ke s E„>o Ej>i finjK j afq K P n - £ K£S E^o p oj K j a K q K 

= E KS s E„> (E s >o M s oC- s ,« + Ej>i PnjK j ) afq Kpn 

-J2 K esJ2 3 >oP-OjK J a K q K 
= 0. 

The difference of any two roots of G(t) is in k. Hence, k(q, u) is Galois over k(q) 
and its Galois group £ embeds into k via the map 
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We prove assertion 2. In this case we have 

5 (gH-/2(0,0)-5> K( f , 

and G(t) has degree p e in t for some e > 1. Assume that u G k(q). Since u is 
integral over k[q] it follows that u G k[q\. Let d be the degree of u. Since G(u) = 0, 
we see that d > 1. Since the integers in S are not divisible by p, the coefficient of 
q dp in the polynomial G(w) G is non-zero, a contradiction. 

We prove assertion 3. Let k± < k-2 < ■ ■ ■ < n s be the integers in S. By our 
assumption, there is a real e > such that (2 + e)n s < mp. We will show that 

= E E K, Kj af. q-^ n G K{{q-i)) 

j=l n>0 

is transcendental over K(q). 

For any ip = J2n=-oo c «9" e ^((^ 1 )) w i tn c / — 0> set M := ei ■ Also, set 
[ 1 = 0. Roth's theorem for characteristic zero function fields [HI] states that if ip 
is algebraic over K(q) then, for any e > 0, the inequality 

0< \<p-P/Q\ < \Q\- 2 ' e 

has only finitely many solutions P/Q with P, Q G K[q\. On the other hand, for any 
n, we have 

o < W?- 1 )-E;=iEto^<r* 1, "l 

71+1 

< (e K =P")- 2 - e 
= |q KsP " |~ 2 ~ E . 

It follows that u(q~ 1 ) is transcendental over and this completes the proof. □ 

Remark 6.7. 

1) If jiij G pR for i > 1, then u a ,K,, a G <7 _1 P- 

2) The mapping 

R - Rik^]} 

is an injective group homomorphism. 

3) Recall that, attached to a ^-character tj) q we defined in l(3*T|l operators 
and -B±. Let ip q be, in our case, the identity; hence, for ^ k £ Z, 

Rll^ 1 }} ^ i? 

and 

Note that if K\, k% G Z\pZ, we have 
(69) S° i u a)K2ia = a-(5 reiK2 , 

where S KlK2 is the Kronnecker delta. 
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4) We have the identity 

(70) 3q u a,K,a = K ' u a,n,a > 

where we recall that := M^Cp, £g)- 

5) We have the identity 

(71) Ua,K,t«<x(q) = u ayKi0l (Cq) 

for all C £ /i(i?); this holds because ^ = £ p . In particular, if a — 
J2iLo m iCi^ d e /"(-ft)) m i e z : v p (mi) — y oo, then 

oo 
i=0 

Thus, if / £ Zfj,(Ry~~ is such that (/' K ')" = a <E R, then u a ,K,a can be 
expressed using convolution: 

Note that {m 0iKjQ | a £ i?} is a Z/x(i?)~- module (under convolution). If 
k £ Z\pZ, this module structure comes from an i?-module structure, still 
denoted by *, by a base change via the surjective homomorphism 

z/x(i?r ^ z^(i?r # 

(see (|34p). and the -R-module {u a , KjQ | a £ i?} is free with basis u aiK ,i. 
Hence, for g £ Z/i(i?)^, /3 = (g' K ')", we have that 

In particular, 

6) We have the following "rationality" property: if a, /x^ £ Z( p ), then w a K a £ 

zcp)!^ 1 ]]. 

Definition 6.8. We say that the mapping 



is a pseudo 5 p -polynomial map if for any integer n > there exists an integer r„ > 
and a polynomial P n £ i?[xo, xi, . . . , x r J such that, for all a £ R we have that 

(72) v a =^2P n {a,5 p a,...,5lra)q n . 

If X is a scheme over then a map i? — > is said to be a pseudo dp- 

polynomial map if there exists an open subscheme U C X, and a closed embedding 
U C A™ such that the image of R — > -X"(i?[[q]]) is contained in [7(i?[[q]]), and the 
maps 

R - C A w (i?[[g]]) = P -5 

are pseudo 5 p -polynomial. Here pri are the various projections. 
Similarly, a mapping 

R - Riiq- 1 }} 

a i— > u a 

is said to be a pseudo S p -polynomial map if for any integer n < there exists 
an integer r„ > and a polynomial P„ £ i?[xo,xi, . . . , x r J such that lf72)l holds 
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for all a e R, and given a scheme X over R[[q 1 ]], a pseudo Sp-polynomial map 
i? — > X(i?[[(7 -1 ]]) is defined as above, with the role of i? [[<?]] now being played by 

■]:• 

The prefix pseudo was included in order to suggest an analogy with "differential 
operators of infinite order." This is not to be confused with the pseudo-differential 
operators in micro-local analysis. 

Example 6.9. The basic series mappings 

R - R[[q ±l }] 

are pseudo ^-polynomial maps. In particular, when interpreted as mapping R — > 
G a (i?[[g ±1 ]]), they are pseudo ^-polynomial maps. 

The following example is as elementary as they come. More interesting ones will 
be given later on, while studying G m and elliptic curves. 

Theorem 6.10. Let ip a be a non- degenerate {6 P , 5 q }- character of <G a , and let 
be the corresponding groups of solutions. Let K, be the set of characteristic integers, 
and u a ,K,a be the basic series. Then the following hold: 

1) IffC= 0, then U^=U^=U {) . 

2) We have 

U±l = © Ke jC± { U a,K,a I " e R} , 
where © denotes internal direct sum. In particular, U±\ are free R-modules 
under convolution, with bases {m QjKi i | k € IC±}, respectively. 

3) U^+U^ = U++U-. 

Proof. Let u — Y^=-oc a »9™ be either an element of R((q)y~~ or of R^q^ 1 ))^. 
We express the {5 P , 5 g }-character ip a as ip a — fi(4> p ,5 q )y, for some polynomial 
A*(Cp,Cg) = V,., -al'-j^i e R[€p,€q]- Tnen ^a u = if > and onl y if , 

(73) M (0, n)a n + ^ E ^ ("/p')^ = «• 

j>0 !>1 

for all neZ. In this last expression, a n / p % — if n/p l Z. Thus, if /j,(0, n) ^ for 
all n 6 Z, we derive by induction that a n = for all n ^ 0, which proves the first 
part. 

In order to prove 2), we first note that, by Lemma ffi.31 u a , K ,a € U±i according 
as k € /C± respectively. Now if u* <E £4, that is to say, if u* = J2 n >i a nq n , we set 

U** :=U* - ^ U a,K,a K 6 U\ . 

Set p+ := |/C+. Using l|73(l . one easily checks that the map : U + —> R p + defined 

by 

is injective. On the other hand, by JSHJ, we have B^u** = 0. Thus, u** = 0, and 
u* = ^2u aiK _ aK . A similar argument holds for U-\. This completes the proof of the 
second part. 

In order to prove 3), let us note that if 

oo 
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it is then clear that 



Ipa ^ an i n ) = ' aild ^ a X! a " 
\ra<0 / \n>0 



Thus, J2 n <o a n1 n e 1A- and J2 n >o a "<7" 6 Therefore, u E U- + U + , and so 
alA- +U + . A similar argument shows that <ZU- +U + . □ 

Example 6.11. Let us examine a special case of Theorem 16.101 For integers 
r, s > 1 and A 6 i? x , we consider the {<5 P , <5 g }-character 

(74) ^:=(^ + A^-A)y, 

If (r, s) is any one of the pairs (1, 1), (1, 2), (2, 1), (2, 2), then ip a can be viewed as 
an analogue of the convection equation, heat equation, sideways heat equation, or 
wave equation, respectively. The characteristic polynomial of ip a is 

K&,&) = £ + A£-A. 

Clearly /i is unmixed. The characteristic integers are the integer roots of the equa- 
tion 

e;-A = o. 

Thus, if A ^ {n r | n £ Z}, there are no characteristic integers, and U_, — U^- = 
U = R^. 

Assume in what follows that A = n r for some n £ Z. For even r, we may assume 
further that n > 0. Then /C = {n} for r odd, and /C = {— n, n} for r even. The 
basic series for k £ /C are 

(75) W^E^'^^^W), 
where Fj(x) £ Z[x] are the polynomials F$(x) = 1, 

3 

Fj(x) ^Uix'-l), j>l. 

Notice that the integers Fj(p sr ) have a nice simple interpretation in terms of flags: 

Fj{p sr ) = (P sr - l) 1 ■ MGLi&rVBjFp-)) , 

where Bj(¥ p ar) is the subgroup of GLj(¥ p tr) consisting of all upper triangular 
matrices. Also notice that, for n £ K,, we have that u a ,K,a £ ^[['? ±1 ]]j the reduction 
mod p of m Q:K , q , is given by 

u a , K , a = ^a p V p " , 

n>0 

so u a ,K. a is a root of the Artin-Schreier polynomial 

t p -t + aq K 6 *(«)[*]• 

We have the following: 
a) For n > and odd r, 

W-i = 0, 

Ui = {w a ,n,a | a £ i?} • 
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b) For n < and odd r, 

U-i = {Ua.n.a \ O* £ R} , 

Ui =0. 

c) For r even, 

U-x = {u a - n , a | a £ R} , 

Ui = {u a ,n,a | a £ R} . 

d) IU =U+, = U-. 

Indeed, (a), (b) and (c) follow directly by Theorem 16.101 The two families of 
solutions in (c) should be viewed as analogues of the two waves traveling in opposite 
directions in the case of the classical wave equation. In contrast to this, we have 
only one "wave" in (a), which is the case of the "convection" equation. 

We prove the first equality in (d). The second follows by a similar argument. 
Let 

oo 

u = ^ a n q n £ . 

n— — oo 

It is clear that 




By (a), (b) and (c), we must have that 

n<0 

for some a £ R. But a n — > as n — > — oo, and this is the case for w aj _| K | !a only 
when a = (see J750 ). Thus, a — 0, and u £ U+. □ 
We derive here some consequences of Theorem 16.1 HI 

Corollary 6.12. Under the hypotheses of Theorem I6.1UI let u £ U±\. Then the 
following hold: 

(1) The series u £ fc[[q ±:L ]] is integral over fc^ 1 ] and the field extension k(q) C 
k(q, u) is Abelian with Galois group killed by p. 

(2) If the characteristic polynomial ofif> a is unmixed and K± is short then u is 
transcendental over K(q). 

Proof. This follows directly from Theorem 16 . 1 UI and Lemma IfHfl □ 

Corollary 6.13. Under the hypotheses of Theorem 16 .101 the maps B± : U±\ — > R p± 

are R-module isomorphisms. Furthermore, for any u £ U±\ we have 

In particular the "boundary value problem at q^ 1 = 0" is well posed. 
The next Corollary says that the "boundary value problem at g ^ 0" is well 
posed. 

Corollary 6.14. Under the hypotheses of Theorem \d.W[ assume further that /C+ = 
{k}. Then for any qo £ p u R y with v > 1, and any g £ p KV R, there exists a unique 
u £ti 1 such that u(qo) = g. 
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Proof. We need to show that the map 

R -> p KU R 

is bijective. This follows by Lemma lb' . 1 51 below . □ 

Lemma 6.15. Let cq £ R x , c\,C2,c^, ... £ pR and c n — » p-adically as n — ► oo. 
Then the map 

R -> R 

a ^ E„> c » a<r 

is bijective. 

Proof. The injectivity is clear. And surjectivity follows by a Hensel-type argu- 
ment. □ 

The following Corollary is concerned with the inhomogeneous equation ip a u = ip. 
Recall that for ip £ q ±1 i?[[g ±1 ]] we define the support of ip as the set {n; c„ ^ 0}. 
This notion of support is standard for series but note that it is not a direct analogue 
of the notion of support in real analysis if one pursues the analogy according to 
which q is an analogue of the exponential of complex time. Also, for any series 
v £ -R((g ±1 ))~ we denote by v £ fc((g ±1 )) the reduction of v mod p. 

Corollary 6.16. Let ip a be a non- degenerate {5 ' p , 6 q }- character of G a and let ip £ 
be a series whose support is contained in the set KJ of totally non- 
characteristic integers of ip a ■ Then the following hold: 

(1) The equation ip a u = ip has a unique solution u £ G a (q ,±1 i?[[g ±1 ]]) such that 
u has support disjoint from the set K, of characteristic integers. 

(2) If ip £ kiq^ 1 } then u £ fc[[q ±:L ]] is integral over fc[g ±:L ] and the field extension 
k(q) C k(q,u) is Abelian with Galois group killed by p. 

(3) If the characteristic polynomial of ip a is unmixed and the support of p is 
short then u is transcendental over K(q). 

Proof. The existence in assertion 1 follows from Lemma 16.31 Uniqueness follows 
from Lemma \<6. 131 Assertions 2 and 3 follows from l6.6l □ 



Remark 6.17. Corollary 16 . 1 41 implies that if tp a is non-degenerate and K.+ = {1}, 
for any qo £ pR x the group homomorphism 

R ^ G a (R) = R 
a h-> |u ,i,a(?o) 

is an isomorphism. Thus, for any qi,q2 £ pR x , we have an isomorphism 

^gi,92 : = $92 ° Sqi '■ ^a(R) — > G a (R) . 

mapping that can be viewed as the "propagator" attached to ip a - Note that if 
C £ n{R) and qo £ pR x , then by l|71|l we have that 

s Cqo( a ) = ^ u a,l,a(C<7o) = -«o,i,Ca(9o) = S ga ((a) , 

so 

Scqa = S qo o M c , 
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where : R — » R is the mapping defined by Mf (a) := C^- Thus, for Ci, C2 £ A*(-^)> 
we get that 

S ixqo,C, 2 qo = S qo M C 2 /Ci ° ^ ' 

In particular, 

^9o,CiC2go = Sq X2qo ° ^qoXiqo ■ 
This latter equality can be interpreted as a (weak) incarnation of "Huygens princi- 
ple" (|2S1, p. 104). 

7. Multiplicative group 

In this section we prove our main results about {S p , <5 9 }-characters and their 
space of solutions in the case where G is the multiplicative group. 

Let G m := Spec A[y, be the multiplicative group over our fixed {5 p , <5 g }-ring 
A. We equip G m with the invariant 1-form 

lu ■= — 

V 

Let us consider the {6 P , o" g }-characters 

tp p ,ip q G X pq (G m ) c A[y,y _1 ,5py,5 g yP 

defined by 

Ipq = tpm,q ■= S q logy := . 

Here, if y = 1 + T, then 

^2 ^3 

logy :=/(T)=T-— + — -••• 

is the logarithm of the formal group of G m . We clearly have ip p £ Xp(G m ), and 
i/i q E X*(G m ). The images of ip p and V g in A[[T]][6 p T, S q T}^ are 

V> p = -(<f> p -p)l(T) , 
P 

% = ty(T). 
Lemma 7.1. FFe ftowe i/iai 5 q i{j p = (4> p — l)ip q in Xp g (G m ). 
Proof. By a direct calculation, 

S q % = S q (- (<f> p - p) l(T)) = (0 P - l)^Z(T) = (</>„ - 1)^ . 



P 



□ 



Proposition 7.2. For eac/i r > 1, £/ie L-vector space Xp ? (G m ) ®a £ ^as frasis 

i>pVv |o<i<r-l} U {(^p^Vg |o<i+j<r-l} • 
In particular, ip p and ip q generate the L[4> p ,5 q ]-module Xp^(G m ) ® 
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Proof. There is an exact sequence of homomorphisms of groups in the category 
of p-adic formal schemes 

= Hom(G m , G Q ) 5 Hom(j; g (G m ),G a ) A Hom(JVT, G a ) , 

where ir r : Jp q (G m ) — > G a is the natural projection, iV r = ker7r r , and p is defined 
by restriction. We recall that Hom( Jp 9 (G m ), G a ) identifies with the module of 
{5 p , <5 g {-characters Xp g (G m ). Looking at the level of Lie algebras, we see that the 
rank of Hom(7V r , G a ) over A is at most equal to its dimension, r(r + 3)/2. Since p 
is injective, it is enough to show that the family in the statement of the Proposition 
is j4-linearly independent. Thus, it is enough to show that the image of this family 
via the map 1)42(1 is A-linearly independent. But 

(0«Vp) e(pT) = 4 Q(^ p -p)l(e(pT))\ = - pcj^T , 

(46& g ) o e( P T) = 0;^+ 1 Z(e(pT))=p4^+ 1 T, 

and it is rather clear that these elements are A-linearly independent. □ 
From now on, we let A — R, hence L = K, and we use the notation and 
discussion in Example 12 . 1 61 applied to G m over R. We have a natural embedding 

L-.q^RWq* 1 ]] -> G m (g ±1 i?[[g ±1 ]]) 
U I > l(u) — 1 + u 

By Proposition 17.21 any {S p , <5 g }-character of G m is a if-multiple of a {^ p ,(5 g }- 
character of the form 

(76) ip m := v(<t> p , S q )ip q + \(<pp)ip p , 

where v(£ P ,£q) £ -ft[£p>£g]j M£p) e ^[£p]- The Picard-Fuchs symbol of V>m with 
respect to the etale coordinate T = y — 1 is trivially seen to be 

Hence, the Frechet symbol with respect to the invariant form to — — is 
given by 

= a{p ^ q) = Hp£ P ,^ q + HpZ p )(£p - i) • 

Definition 7.3. Let tp m be a {S p , <5 g }-character of G m of the form l|76fl. We define 
the characteristic polynomial p(£ p ,£ q ) of ip m to be the Frechet symbol 0(£ p ,£ q ) of 
ip m with respect to u>. We say that the {<5 P , <5 g }-character ip m is non-degenerate if 
p{0,0) £ i? x , or equivalently, if A(0) £ R x . For a non-degenerate character ip m 
with symbol /i(£ p , £ ? ), we define the characteristic integers to be the integers re that 
are solutions of the equation /i(0, re) = 0. Any such characteristic integer re must be 
coprime to p. We say that re £ Z is totally non- characteristic if re ^ mod p and 
/Lt(0, re) ^ mod p. We denote by /C the set of all characteristic integers and set 
IC± := K, fl Z±. Also we denote by K! the set of totally non-characteristic integers. 
For any ^ re £ Z and a £ _R, we define the basic series 

(77) Um , K , Q := exp (J <„, a ^) £! + / + -£ K^ 1 ]] , 
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where u% K is as in JSEJ, 

exp (T) = 1 + T + — + — 

and 



is the usual indefinite integration — > g if [[<?]] or the integration g 2 ^[[g *]] — > 

q~ x K [[<? ]], according to the cases k positive or negative, respectively. 

Example 7.4. Consider the {5 p , (5 9 }-characters 

V'm := <*J - V« + (A s _i</>p _1 H 1- + ^o)ip P , 

where Ao G R x , Ai,...,A s _i G i?. If (r,s) is any one of the pairs (1,1), (1,2), 
(2, 1), (2, 2), then tj) m can be viewed as an analogue of the convection equation, heat 
equation, sideways heat equation, or wave equation respectively. The characteristic 
polynomial of ip m is 

- ^ + (p- 1 ^-!^- 1 + • • ■ +pA 1 e P + a )(c p - 1) , 

hence \x is unmixed, and the characteristic integers are the integer roots of the 
equation 

^-A o = 0. 

In particular, for 

(78) i> m := <5pV, + , 
the characteristic polynomial equals 

= £ + A&- A, 

which is the case s = 1 of the Example 16. Ill So in this case u% K a in (|77|l is given 

by 

(79) <„, a = E(- 1 ) n j^<^ K ) ' 



?i>0 



Example 7.5. Let us consider the "simplest" possible energy function 

H = a{iP q f + 2bip p ip q + c(ip p ) 2 , 
for a, b, c G R. Using the obvious equalities 

$-0p,CJ = £,p ~ 1 , 

and l|64|) . we obtain the following formula for the Euler-Lagrange equation associ- 
ated to H and the vector field d — yd y : 

e^ s = (-2a*cf> p 6 q - 2b+<% + 2b)^ q + (-2c^ p + 2c)% . 

This {dp, <5 9 }-character e l H d is non-degenerate if, and only if, c G i? x , and its 
characteristic polynomial is given by 

KZp,Q = ("26V^ " Za+p&Z,, + 2b)i q + (-2c^p + 2c)(£ P - 1) ■ 
The set of characteristic integers of g is 
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Lemma 7.6. Let k £ Z\pZ. Then, for any a £ R, we have that it mjK , Q £ 1 + 
g ±1 i?[[(7 ±1 ]] . Furthermore, the mapping 

R -> fl[[ 9 ±1 r=G TO (i2[[g ±1 ]]) 

is a pseudo S p -polynomial map. 

Proof. We let u := u m K a — exp h, where h := J it^ K a — . By Dwork's Lemma 
12.41 in order to show that u mKa £ 1 + <7 ±1 i?[[g ±1 ]] it is enough to prove that 
u^/u p £ 1 +p(7 ±1 i?[[g ±1 ]]. Since ju v — exp((0 — p)h), we just need to show that 

(80) {^-p^epq^R^ 1 ]]. 
Let us start by observing that 

(81) S q h = < KjCt , 
and consider the {S p , <5 g }-character of G a defined by 

"0a := ipa : = ^{<Pp^ q )y. 
By Lemma 16.31 wc obtain that 

6 q (pn(0, n)a.K~ 1 q K ) = p[i(0,K)aq K 

= pW(p<P p , S q )6 q + \(p<p p )(cf) p - l)]5 q h 
= S q [pv{(f) p ,8 q )5 q + \(<f) p )(<j) v -p)]h. 

We deduce that 

\pv(ct> p , 6 q )S q + \{4> P ){4>p - p)]h - pn(0, k)o«" V e q^Kiiq* 1 }} DK = 0, 

and consequently, 

\((t>p)(4> p - p)h = -pis(4>p,5 q )5 q h+p(j,(0,K)aK~ 1 q K 

= -P^{^p,S q )u^ Ka +pfj,(Q,K)aK- 1 q K 
£ pq ±l R[[q^}}. 

By Lemma (jBDJ then follows. 

In order to prove the remaining assertion, let us assume that k > 0. The op- 
posite case can be argued similarly. Note that we can find polynomials Q n £ 
R[zq, z±, . . . , z Tr \, and integers m n > 0, such that 

u m , K , a = P~ m "Qn(a, at---, a "" )<f 

ra>l 

for all a £ R. By the part of the Lemma already proven, we have 

for all a £ i?. We then apply Corollary 3.21 in [H], and conclude that there exists 
a polynomial P n £ R[xq, x\, . . . , 3V„] such that 

P _m "Qn(a, a*,..., a* rn ) = P n {a, a*,..., ) 

for all a £ R. Thus, the mapping 

R - R[[q}} 
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is pseudo (5 p -polynomial. Then 



R R[[q] 
l 



a 



is pseudo <5 p -polynomial also. By considering the embedding 

<G m -» A 2 
a; I— > (a;, a;" 1 ) ' 

the last assertion of the Lemma follows. □ 
As in the additive case, we have the following "diagonalization" result. 

Lemma 7.7. For all n 6 1\pL and a G R, we have that 

4 > q u m,K,.a = U a,K,a 

ip m u m , K , a = fi(0, «) • at _1 9 K - 

Proof. The first equality is clear. Let us assume now that k > 0. A similar 
argument can be used to handle the case k < 0. By Lemma 17. II we obtain that 

= [v(P<t>p, Sq)S q + \(p<f> p )((f)p - l)]tp q 

= MA, 

where ijig :— /i(0 p , S q )y. In particular, by Lemma It). 31 we have that 

Va a a,K,a 

= /i(0, n)aq K 

= S q (^(0,n)aK~ 1 q K ) , 

and so v := ip m ihn,K,a ~ A*(0, k)cxk q R G i?. On the other hand, 

U(0) = (V'm"m, K ,a)(0) = ^ ro («m,K,«( )) = VVl(l) = °) 

hence u = 0, and we are done. □ 

Remark 7.8. 

a) For all k G l\pL the map 

R -> i?[[<Z ±1 ]] x 

is an injective homomorphism. 

b) We recall (see H310 ) the natural group homomorphisms attached to ip q , 

B° K :R[[q^]]x - R 
B°u = T K ip q u, 

where k G Z\pZ and the homomorphism 

B± : R[[q ±1 }] x -> RP± 

B Q ±u = (T K ip q u) Ke ic ± . 

For integers K\ , K% G Z\pZ we get that 

(82) B Kl u m}K2tC> — T Ki Uq K2 a — a ■ 5 KlK2 . 
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c) For k E Z\pZ we see that 

(83) «m,K,C"<»(?) = u m,K,a(Cq) 

for all C G ^(R)- ln particular, if a = mi C K i Ci G m « £ Z, 

Vp(rrii) — ► oo, we have 

oo 

U m ,K,a(q) = ]^[("m :K ,l(Ci9)) mi ■ 

i=0 

(Note that the right hand side of the equality above converges in the 
(p, <7 ±1 )-adic topology of i?[[g ±:L ]].) Thus, if / E Z/i(i2)~ is such that 
(/M)" = a £ i?, then u m K a can be expressed via convolution by 

Under convolution, the set {M m ,K.a | ot £ R} is a Z/z(i?)^-module, whose 
module structure arises from an i?-module structure (still denoted by *) 
induced by base change via the morphism 

(Cf. to (|34[l ). The i?-modulc {u m , KjQ | a E i?} is free with basis u m , K; i. So, 
for 5 E Z/i(i?r, /3 = (g M ) S , we have that 

and in particular 

d) We have the following "rationality" property: if a E Z( p ), then u m , K;Q E 
Z^I^ 1 ]] for k E Z\pZ. 

Theorem 7.9. Let i\) m be a non-degenerate {5 P , 5 q } -character of& m , U* the cor- 
responding groups of solutions, K, the set of characteristic integers, and it m , KiQ the 
basic series. We set 

Utors ■= fJt(R) C Uq 

U~ := {R x -q z )nU C U x . 

Then the following hold: 

1) = ■ U\, and U^- = ■ U-\. 

2) We have that 

U±i = ll K eK; ± { u m, K ,a I a £ R} , 

where Y[ stands for internal direct product. In particular, U±\ are free 
R-modules under convolution, with bases {w m;Kj i | k E /C±} respectively. 

3) We have that Uq = Utors ■ 

Remark 7.10. The elements u = bq n of R x ■ q z deserve to be called plane waves 
with 

frequency n E Z , 

wave number 7 := ip m p (b) = - log - E R , 

p bP 

wave length I/7 E K U {00} , 

propagation speed n/7 E A" U {00} . 
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This can be justified by the analogy behind the chosen terminology. Indeed, if 
u = bq n , then 

5 q u 
n = — , 
u 

and so n is to be interpreted as the "logarithmic derivative" of u with respect to 
8q. Also, we have that 

1 <j) p (u) 

7 = - log - JL -r~ , 

p u p 

and so 7 is the analogue of a "logarithmic derivative of u with respect to S p ." These 
observations suffice to justify the assertion. 

For in the classical theory the complex valued function u(t,x) of real variables 
t and x defined by 

u(t,x) := a(x)e-^ lvt 
is viewed as a plane wave with frequency v, wave number (at x) 7 = 7(2;) = ^ , 
wave length 1/7, and propagation speed v/~f. (The standard situation is that in 
which a(x) = e 27 ™ 71 , where 7 7^ is a constant.) Notice that these v and 7 are 
equal to 

— (27Ti) and (27ri) , 

u u 

respectively. Thus, our terminology correspond to these classical definitions of 
frequency and wave number provided that S q and 5 P are viewed as analogues of 
— (2iri)~ 1 d t and (2ni)~ 1 d x , respectively. 

The solutions in U~ correspond to those solutions that in the classical case are 
obtained by "separation of variables." 

Proof of Theorem \7.y\ By Lemma 17.71 we have 

for k € K. We now show that if u m G W_» or u m G IA^, then u m G ■ 
respectively, which will end the proof of assertion 1). Indeed, let us just treat the 
case where u m G IA^. The case u m G follows by a similar argument. 
Note that 

= S q 1p m U m = 1p%1p g U m , 

and so by Theorem 16. 101 there exist ot\, . . . , a s G R and A G R such that 

/dq 

U r , 



q — = tp q U m = A + ^ < K „«, = X + J2 q ~ 



t=l i=l 

where /C+ = {ki, . . . , k s }. Hence, if 



then 



dv/dq 
q = A. 



and so nb n = Xb n for all n. Thus, v — bq n with n G Z and & G i? x . This shows 
that u m G • IA\ 1 which completes the argument. 

We now prove assertion 2) for the case where u m G U\. The case u m S is 
treated by a similar argument. We write 



bq n Y[, 
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as above. Since u m (0) = 1 = Y\u m . Kitai (0), it follows that n — and b = 1 so 
u m = Y[ u m,K i ,a i - This representation is unique due to formula (|82(l . 

The last assertion of the theorem is clear. □ 

Corollary 7.11. Under the hypotheses of Theorem 17.91 let u G U±. Then the 
following hold: 

(1) The series ip q u G /c[[g ±:L ]] is integral over /c[g ±:L ] and the field extension 
k(q) C k(q,ip g u) is Abelian with Galois group killed by p. 

(2) If the characteristic polynomial of ip m is unmixed and K± is short then u 
is transcendental over K(q). 

Proof. Assume u G U + ; the case u G Li- is similar. By Theorem 17.91 we may 
write 

with a K G R, a G i? x . So by Lemma f7. 71 

By Lemma f6. 61 assertion 1 follows. To check assertion 2 note that if u were alge- 
braic over K(q) then the same would hold for ip q u — S q u/u and we would get a 
contradiction by Lemma Ifi. 61 □ 

Corollary 7.12. Under the hypotheses of Theorem M '.91 the maps B± : U±\ — > i? p± 
are R-module isomorphisms. Furthermore, for any u G U±\ we have 

U= 2_j ( B K U )* u m,K,l ■ 

So, in particular, the "boundary value problem at q^ 1 = 0" is well posed. We 
now address the "boundary value problem at q ^ 0" , and the "limit at q = 0" issue: 

Corollary 7.13. Under the hypotheses of Theorem M '.91 the following hold: 

(1) If K.+ = {k}, then for any go G p u R x with v > 1, and any g G 1 + p KU R, 
there exists a unique u &1A\ such that u(qo) = g- 

(2) IfK,+ = {1}, £/ien /or any go €E pR x , and any g G R x , there exists a unique 
u G Utors • U+ such that n(go) = g. Furthermore, u(0) is the unique root of 
unity in R that is congruent to u(qo) mod p. 

Proof. We recall that log : 1 + p N R ->• p N R is a bijection for all N > 1. So, 
in order to prove assertion 1), we need to check that there is a unique a G R such 
that 

!og?V K ,a(<7o) = log g. 
By the proof of Proposition l7.9l we have that 

log u m , K , Q (go) = ^c„a 071 , 

where the p-adic valuation of c„ is /t^p™ — n. Hence, by Lemma 16.151 the mapping 

R -> p K!/ i? 

is bijective, and we are done. 
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In order to prove assertion 2) let g — 70 • vq with 70 be a root of unity, and 
Vo E 1 + pR. By assertion 1), there exists v G U\ such that v(qo) = vo- Hence, if 
u := 70 • v, then u(qo) = g, which proves the existence part. Now, if 71 G Utors, 
vi G U\, and 71^1(90) = 70^0, we get that 71 = 70 mod p, so 71 = 70 and 
u i(<Zo) = u o- By the uniqueness in the first part above, we see that v\ = v, which 
proves the uniqueness part of the assertion. 

The claim about u(0) is clear. □ 
The following Corollary is concerned with the inhomogeneous equation ip m u = tp. 

Corollary 7.14. Let ip m be a non- degenerate {S p , S q }-character of G TO , and let 
ip G g^ 1 -/?^* 1 ]] be a series whose support is contained in the set K,' of totally 
non- characteristic integers of ipm. Then the following hold: 

(1) The equation ip m u — tp has a unique solution u G G m ((7 ±1 i?[[(7 ±1 ]]) such 
that the support of ip q u is disjoint from the set K, of characteristic integers. 

(2) // (p G fc[g ±:L ] 7 the series i(j q u G /c[[<2 ±:L ]] is integral over fc[g ±:L ], and the field 
extension k(q) C k(q,'ijj q u) is Abelian with Galois group killed by p. 

(3) // the characteristic polynomial of ip m is unmixed and the support of tp is 
short then u is transcendental over K{q). 

Proof. Let us assume that ip G The case ip G q ±1 i?[[g ±1 ]] is similar. We 

express ip as 

P = X! aKqK ' 

where S is the support of ip and set a K := k(/i(0, n))~ 1 a K . We define 

u := Y[ u m,K.a K g G m {qR[[q]]) , 

kES 

which converges q-adically. By Lemma 17.71 tpmU = (p. And observe that u is 
the unique solution in G m (<7-R[[q]]) subject to the condition that ip q u has support 
disjoint from /C; cf. Lemma l7.12l By Lemma l7.7l 

so we may reach the desired conclusion by Lemma Ifi. 61 □ 

Remark 7.15. The second part of Corollary 17.131 implies that, if ip m is a non- 
degenerate {8 P , (5 g }-character of G m , and K.+ = {1}, then for any qo G pR x the 
group homomorphism 

S qo : fi(R) x R -> G m (R) = R x 

' * £, ■ u m ,i, a (qo) 

is an isomorphism. Thus, for any q±, qi G pR y , we have an isomorphism 
^H,l2 := ^92 ^gi 1 : G m (i?) — ► & m (R) , 

which should be viewed as the "propagator" associated to ip m - Note that if ( G n(R) 
and q G pi? x , by p^l. 

(£) ") = 6 ' «m,l,a(C3o) = £ ' "m,l,C"(9o) = Sgo (£i C«) 7 

and so 
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where 




8. Elliptic curves 



We begin this section by proving some general results about the space of {S p , S q }- 
characters of an elliptic curve over a general {8 P , (5 g }-ring A. We determine bases for 
these spaces; the answer depends on whether certain Kodaira-Spencer classes (an 
arithmetic one, and a geometric one) vanish or not. We then prove our main results 
about {S pi <5 g }-characters and their solution spaces for Tate curves over i?((g)), and 
for elliptic curves over R. 

8.1. General results. We have as before a fixed {S p ,5 q }-r'mg ring A that is p- 
adically complete Noetherian integral domain of characteristic zero. For technical 
reasons, we assume hereafter that the prime p is greater than 3. We consider an 
elliptic curve E over A, equipped with an invertible 1-form to. All the definitions 
and constructions below apply to the pair (E,ui). 

Since p > 5, the integer 6 is invertible in A, and therefore we have unique 
elements 04, a 6 e A such that 4a| + 27a| S A x , and such that, up to isomorphism, 
the pair (E 7 w) consists of the closure in the projective plane over A of the affinc 
plane curve 

(84) y 2 = x 3 + a 4 x + a 6 , 

endowed with the 1-form 



Exactly as in the theory of algebraic group extensions in the last Chapter of |27j . 
we have an exact sequence 



(87) = Hom(£,G ) 3 Rom(j;JE),G a ) -A Hom(A^,G a ) ^ H\E,0) , 



where p is the restriction. Let us recall that Hom( Jp q (E), <G a ) identifies with the 
module ~K pq (E) of {S p , 5 g }-characters. We review and use this sequence by closely 
following .9 ], pp. 191-196, where the case of J p (E) was considered. 

First of all, note that the projection ir r : Jp q (E) — > E has a natural structure 

of a principal homogeneous space under E x N r — > E. By Proposition ^. 61 ir r has 
local sections in the Zariski topology. We consider a Zariski open covering and a 
corresponding family of sections of 7i>; 



(85) 



dx 

U) = — 



y 



We set 



(86) 



AT := ker(JpJE) E). 



(88) 
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We may and assume that there exists an index /iq such that the zero section G 
E(A) belongs to C/ Mo (^4), and s Mo (0) = 0. Then the morphism 

(89) v.^xAT^tt- 1 

which at the level of 5-points (S any A-algebra) is given by (A, B) i— » s^{A) + B, 
is an isomorphism of principal homogeneous spaces under x N r — > U^. The 
isomorphism t Mo induces the identity x N r —> 7r J T 1 (0) = N r , and if T g O(U^ ) 
is an etale coordinate on U^ , then we have an induced 0(L^ o )-isomorphism 

r* : O{% )[T^) \i< i+j < r T ~" ^(tt- 1 ^)) °3? 

CT^ x AT) = O r (U M )[T^) \i< i+j < r r, 

where can is the unique isomorphism sending into S l p S q T. Furthermore, r* o 

is the identity modulo T . 

Let = Ufj,nU v . The sections induce maps s M — s„ : C/fu, — > Jp q {E) that 
clearly factor through maps 

(91) s M „ : {7^ -» AT. 

In particular, at the level of 5-points we have (r^ 1 o r tl ){A, B) = (A, s llv {A) + B). 

We define the map d in (|87|) by attaching to any homomorphism : N r — > G a 
the cohomology class := 9(6) G H 1 ^, O) — H 1 {E.O) that is represented by 
the cocycle </? M „ := 9 o G 0(1/^). Then, as in [S], p. 192, we check that the 
sequence j|8T)l is exact. 

Proposition 8.1. The rank of the A-module X. r pq (E) is r(r + 3)/2 if d = 0, and 
r(r + 3)/2-l ifd^O. 

Proof. Looking at the Lie algebras, it is clear that Hom(iV r , G ) is an A-module 
of rank at most dimiV r = r(r + 3)/2. By Lemma T4. 61 the homomorphisms L^ a -^ G 
Kom(N r , G a ), 1 < a + 6 < r, are A-linearly independent. Thus, Hom(A^ r ,G a ) has 
rank r(r + 3)/2 over A, and the conclusion follows. □ 

Since H 1 (£7, 0) has rank 1 over A, by the exact sequence l|87[) we conclude that 

Corollary 8.2. The A-module X* (£7) is non-zero. 

This result contrasts deeply with the "ode" story for both, the geometric 0] and 
arithmetic jS] case. Indeed, for "general" E we then have that 

Xi(£?)=XjOE) = 0. 

In the sequel, we construct and analyze {<5 p , (^-characters of E in more detail. 
We use the invertible 1-form uj on E, and assume that the closed subscheme of 
defined by T is the zero section 0. We identify the T-adic completion of <D(U^, ) with 
the ring of power series A[[T]], and furthermore, choose T such that u) = dT mod 
(T). Using the cubic JHU, we may take, for instance, T — — ^. We set W :— —-. 

This affine coordinate T, and W around the zero section, are mapped into T G 
A[[T}} and 

(92) W(T) =T 3 + a A T 7 + • • • G A[[T}} , 

respectively; cf. [2H|, P- HI- 

For all integers a,b G with a + b > 1, we define {S p , 5 q }-Kodaira-Spencer 
classes f^-^ £ A as follows. For r > a + b, we have a natural isomorphism N r ~ 
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[+]), where A 11 ^ = Spf A[T^) | 

i<i+j<rF 5 which we view hereafter as 
an identification. Thus, we obtain the identification 

s ^ = |i<t+j<r) e 0{U^)^— , 

ij" — 'Wij) s 
"/if ■ — J u a /if • 

By (|41|l . we have the series L[ a,fc l G j4[T^' j ^ |i<j+j< r n defining homomorphisms 

L [a,b] : iV'-~(A r ^,[+])^(& a = (A 1 ,+). 

We define elements 

^ :=i [a '" ] K, k<(«<r)6 0(^). 
As we vary /j,v, the collection of such sections defines a cohomology class 

g O^) = B ) , 

which is, of course, the class j(L^ a ^) defined by the exact sequence (|87fl . Let 

( , ) : H l (E,G) x H ^^ 1 ) -» A 
denote the Serre duality pairing, and define 

(93) / [a - fc] := (</? M] ,a;) G A. 

It is clear that /[ a ' b l depends only on a and 6 but not on r. It is also clear that 
d in the exact sequence (|87|1 is if and only if /[ a ' b l = for all 1 < a + b < r. 
Proceeding verbatim as in 0, we check that /[ a ' b l depends on the pair (E,uj), and 
not on the choice of T, as long as T satisfies the condition that u> = dT mod (T) . 

Now let a, 6, c, d G Z + with l<a + 6, c + d<r, and and consider the homomor- 
phism 

© := eg] : N r G 

given by 

9 := /M^M - /MlMI g a[t^ |i<i, 3 -< r r- 

Then we have that 9(0) = 0, for 9(9) is the class [7^] in i? 1 (i?, O) of the cocycle 
and [7^] = because 

([ 7 ^], w ) = • (^ >W ) - • (^V) = 0. 

By the exactness of the sequence (|87ll . lifts to a unique homomorphism 
which we interpret as a {d p , <5 g }-character 

*ex;(£). 

This character ip depends only on a, b, c, e?, but not on r in the sense that if we 
change rtor+s, then the new ip is obtained from the old one by composition with 
the projection J^ S {E) — ► J^ q {E). Incidentally, ip is obtained by gluing functions 

(94) ^or- 1 GO(rr- 1 (f7 AI )), 



(95) := f [aM ■ L [cA - / M1 ' + 7 M G 0(%)[T^ \i< i+j < r ] 



58 



ALEXANDRU BUIUM AND SANTIAGO R. SIMANCA 



with 7^ e 0(Uft), and we have the identities 

™[c,d] + ™[a,6] — U ' 
f [ai,iiU[«a.J*] + f[a 2 M]A^M + f[a»,6s] ^I-i.Jij = Q , 

which follow from the very same identities that are obtained when the tjjs are 
replaced by the 6s. 

Since r Mo is the identity modulo T, we have that ip o e(pT) is congruent to 
i/jfto o e(pT) modulo T. By Lemmas 14 . 51 and 14 . 21 we obtain 

(96) ° e(pT) = pWifM^sp _ pi+^)/M]^T + ^ T 

where /|"'^ G A. So w"'^: viewed as an element of A[[T]][5*^T |i<j+j<rPi nas 
the form 



(97) = ~ it+wfMqs* - p^w/l-.-j^^ + /K «T) 



p 

Remark 8.3. We will use the following notation: 

£a /*[ a ,0] f a f[0,a] 

Jp • J 1 Jq • J 1 

f2 ._ 7[1,0] 72 ._ ?[0,1] fl ._ ?[1,0] 

•'P • •'[2,0] ' J? ' •'[0,2] ' •'P? - •'[0,1] ' 

The elements f^eA are (the images of) the elements /° et in 0. The elements 
are (the images of) the elements pfj' et in 0. By Proposition 7.20 (and Remark 
7.21) and Corollary 8.84 (and Remark 8.85), we have 

(98) P P =p{flt- 

The element was interpreted in [5] as an arithmetic Kodaira- Spencer class 
of _E. The element fh is easily seen to be (an incarnation of) the usual Kodaira- 
Spencer class of E; cf. Q. The element /* e A, and the reduction mod p of 
were explicitly computed in |18|. The (5 g -character 

is (an "incarnation" of) the Manin map of j^2], constructed as in If /* 7^ 
0, then ^ 7^ 0. (Unlike the construction in |2] that was done over a field, our 
construction here is carried over the ring A.) The 5 p -character 

4> 2 P := Vjioj e X»(i5) 

is the arithmetic Manin map in [5]. And if 7^ 0, then ^ 7^ 0. Both of these 
Manin maps are "ode" maps with respect to the geometric and the arithmetic 
direction separately. On the other hand, we can consider the {d p , <5 g }-character 

:=<i] ] ex^(£). 

If cither ^ ^ or f\ ^ 0, then tf }q ^ 0. If both ^ and f\ ^ 0, then ip^ q is 
a "purely pde" operator (in the sense that it is not a sum of a £ p -character and a 
Jg-character). 

Indeed, we have the following consequence of Proposition ^. II 
Corollary 8.4. If f^ ^ and f\ ^ 0, then: 
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(1) ipp q is an L-basis ofX.p q (E) (g) L. 

(2) Xl(E) = X q (E) = 0. 

We may view ipp q as a canonical "convection equation" on £\ 

Using the notation above and the commutation relations in we have 

the following equalities: 

(99) 

PfpS q - ffo + /J l(T) , 



tb 1 



p(6 q $)5 q +pfffi ~ {8 q fl)4> P ~ f l q P<t> P 5 q + + f^ q 6 q \ l(T) , 

vUDHpSq - UDUl + (f^Up] i(t) , 

pf l q 5 2 q - P P q 5 q + ff\l(T). 



Thus, if we represent the ordered elements 6 q ipp ql 4> p ipp q , ipp 1 , ipp q , ip q as -^-linear 
combinations of the series p6*l(T), p<f) p 5 q l(T), <f$l(T), p5 q l(T), 4> p l(T), l(T), then 
the matrix of L-coefficients is equal to -M, where 



M 



( f 1 

Jp 


-f 1 

Jq 





°qjp T p 


-Mq 


Sqfpq 


\ 





Up 1 ) 4, 







Cflqf 


















Jp 


Jp 













Jp 


-f 1 
Jq 


Jpq 




I f q 








Jq 





f 2 
Jq 


J 



Proposition 8.5. Let us assume that / p ' and f q ^ 0. Then the following hold: 

1) The elements 

^p 8 > Mp<?> 0p^p 8 . ^p 

/orra an L-basis o/X^ (i?) ® L. 

2) TTie elements 



/orm an L-basis ofX^ JE) (8 L. 



3) There exists a 5-tuple (a, ft, 7, z^, A) 6 A 5 , which is unique up to scaling by 
an element of A, satisfying 



{a5 q + I34> p + 7)^ = + A?/>p 
4) 5 x 5 minors of the matrix M vanish 



a ^ 0, !/ 7^ 0. 



We may view the character vtp q + Xip 2 , as a canonical "wave equation" on E. 

Proof. By the form of the matrix M, each of the 4-tuples in assertions 1) and 
2) are L- linearly independent. By Proposition l8.il ~X^ q {E) has rank 4 over A. All 
the statements in the Proposition then follow. □ 

Similar arguments (cf. also to the case of G m ) yield: 
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Proposition 8.6. Let us assume that fpj^O and f q 7^ 0. Then, for any r > 2, 
the L-vector space ~K. r pq (E) ® L has basis 

W v ^\ q |0<i+i<r-l} U W p V v | <i<r- 2 } ■ 

When either f p — or f q = 0, the picture above changes, and in fact, it 
simplifies. For if with more generality we assume that /[ a ' fc l = for some a, b 
with a + b < r, then = <p [a - b] = j(L^), and by the exact sequence l|87|). Z>' 61 
lifts uniquely to a homomorphism ip^ a -^ ; J pq [E) — > G a , which we interpret as a 
{8 P , 5 g {-character ijA a ' b ^ g X. pq (E). Let us observe in passing that ijM^ is obtained 
by gluing functions 

^ := LMl + 7ai G 0(Z7„)[TW) |i< l+J <,r, 
with 7^ G 0{U^). As before, we obtain 

^ [a ' bl o e(pT) = P l+ < b U a p5 b q T + /[ a ' fc l 
where fi a ^ G A. So V [a ' fc] , viewed as a series, has the form 

p L p y J 

Incidentally, if /* = 0, then 

(100) Vj:=^ IO,1] 6Xj(£0 

is (an "incarnation" of) the Kolchin logarithmic derivative of -E |20| : cf. Proposition 
15^1 below. 

On the other hand, if f p = we set 

(101) ^:^ M eX p (E). 

As before, we find the following bases for the set of {S p , i5 g }-characters: 

Proposition 8.7. Let us assume that f p — and f q ^ 0. Then, for each r > 2, 
the L-vector space ~XL q (E) ® L has basis 

W p V q i>\ I 0<i+J<r-a} U {<j? p i>l | < 4 <r-l} U W p 5 q ^ p | <i<r-2} • 

Proposition 8.8. Let us assume that f p j^0 and f q = 0. Then, for each r > 2, 
the L-vector space ~X. pq (E) (g> L has basis 

Wp^l |0<i<r-2> U {4>],S 3 q 1pl | <i+j<r-l}. 

Proposition 8.9. Let us assume f p — and f q = 0. Then, for each r > 1, the 
L-vector space ~X. pq (E) L has basis 

{4>p1pl |o<i<r-l}U{0p<^Vg | <i+j<r-l} ■ 
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8.2. Tate curves. Let E q be the Tate curve with parameter q over A := R((q))^, 
equipped with its canonical 1-form Lu q . This curve E q is defined as the elliptic curve 
in the projective plane over A whose affine plane equation is 

V 2 = x 3 - —EAq)x + —E 6 (q) , 
y 48 w 864 bW ' 

where E± and Eq are the Eisenstein series 

E 4 (q) = 1 + 240 -ssiq), 
E 6 (q) = 1 -504- s 5 (q). 

In here, for m > 1, we follow the usual convention and write 

n m q n 



■= E TT^r e R[[q]] 

n>l 

Also, the canonical form is defined by 



da; 

V 

More generally, let 8 G i? x be an invertible element that we shall view as a 
varying parameter, and let {Ep q ,ojf3 q ) be the pair obtained by base change from 
(E q ,u}q) via the isomorphism 

R((q)T % R((q)T 

Thus, the pair (Ep q ,ujp q ) is the elliptic curve 

V 2 = x 3 - —EA8q)x + —E 6 (8q) 
y 48 4 ^ ^ 86 4 b ^ 

equipped with the 1-form 

dx 

0*, = -. 

(Let us observe that up is a <5 g -ring homomorphism, but not a 5 p -ring homomor- 
phism.) We shall refer to (Epq^upq) as the Tate curve with parameter (3q. 

Let us observe that the discussion and notation in Example 12 . 1 61 that concerns 
groups of solutions does not apply to Ep q over A, as A — R((q))~ ^ R. 

From now on, we assume that all our quantities in the general theory (like the 
/'s, the /'s, and the ?/>'s) are associated to the pair (Ep q ,w/3q). 

Lemma 8.10. There exists c G such that, for any [3 G R x , we have 

fp=v, f 2 = v* + pv, % = m*, 

where 

c m 

V-=~ log ■ 

p p p 

Proof. We consider the ring R((q))^[q' , q" , . . with its unique 5 p -ring structure 
such that S p q = q' , S p q' = q", etc. Let us note that (Ep q ,ui/3 q ) is obtained by base 
change from (E q ,uj q ) via the composition 

(102) R(( q )r c R((q)rw, q", • • r ^ mtirw, </', ■ ■ -r ^ a««)r , 

where 073(g) = 8q, ap(q') = S p (8q), d (j {q") = S^dq), . . ., and w(q) = q, n(q') = 0, 
n(q") = 0, . . . And let us note also that dp and tt are <5 p -ring homomorphisms. By 
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the functoriality of plus |7j, Corollary 7.26, 1 , Corollary 6.1, and [B], Lemma 
6.14, there exists c S Z * such that, for any /?, we have 

/ 2 = 

Thus, /p and f£ have the desired values. The value of f? follows by l|98[) . □ 

Lemma 8.11. The following hold: 

1) does not depend on f3. 

2) / g 1 GZp X ) andft = P q =Q. 

Proof. We start by noting that (Epq^uipq) is obtained by a base change from 
(E q ,uiq) via the isomorphism erg : R({q))~~ — > and recall that erg is a co- 

ring homomorphism. By functoriality, the elements , , corresponding to a 
given /3 are the images via erg of the corresponding quantities for /3 = 1. Thus, 
proving assertion 2) for /3 = 1 suffices to conclude both assertions 1) and 2) for 
arbitrary (3. 

We prove next assertion 2) for p = 1. 

The fact that /* € Z* follows from |JJ, Corollary 7.26. In order to prove that 
fq = = 0, it is enough to show that there exists ip e X^(S) such that tp — S q l(T). 
This is because 'X.q(E) has rank 1 over A 0]. 

The existence of ?/> can be argued analytically, and we briefly sketch the argument 
next. (A purely algebraic argument is also available but the analytic one is simpler 
and classical, going back to Fuchs and Manin [22] ■) For in our problem we can 
replace R((q)) by Q((<?)), and then Q((c/)) by C((g)). We view the Tate curve over 
C((c/)) as arising from an analytic family £™ — > A* of elliptic curves over the 
punctured disk A*. The fiber E qT of this family over a point q T — e 2mT € A* 
identifies with C/ (1, r). Let z be the coordinate on C. Then, for any local analytic 
section P, q T i— > P(q T ), of E q n — > A* that is close to the zero section q T ^ Po{q T ) — 
0, we have that 

(103) l(P(q T )) = \ 

where io qT is the 1-form on E qT whose pull back to C is dz. The periods of ui qT on 
Eq T are 1 and r, so they are annihilated by 

d \ 2 . n ( d 



dr J V * 1 dc/ T 




Hence the map 



is well defined for all local analytic sections P of E q m — > A* (not necessarily close 
to the zero section Po). This map arises from a (^-character rp of P g over C((e/)) 
[22 By JUSIl, V coincides with P i-> (5^(P) for P close to the zero section, and 
this completes the argument. □ 
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Remark 8.12. From now on, we choose c as in Lemma f8. 101 and we set 



V ■■= f' = flog^ER, 



7 := J, 1 ^;. 

Notice that we have r\ = if, and only if, (3 is a root of unity. Later on, the quotient 
of these Kodaira-Spencer classes, 

7 n ' 

will play a key role. 

Lemma 8.13. /* = pj- 

Proof. Let us assume first that [3 is not a root of unity, and so, r/ ^= 0. The 
5x5 minor of the matrix M above obtained by removing the 6-th column has 
determinant zero (cf. Proposition 18.5(1 . and using Lemma [8.101 Lemma [8.111 and 
Remark 18.121 we get the condition 

Pfp(fp q ~ Plf + (fp)Hfp q -FY) = ■ 
We take the valuation v p : R((q)y~~ — > Z + U {oo} in this identity, and use the fact 
that v p o (j) = v p to get /p — p7 = 0, completing the proof of this case. 

If instead now [3 G R x is arbitrary, proceeding as in the proof of Lemma |8.10l 
we have that f pq is the image of an element F G R((q)Y~[q', q" , . . via the map 
n o ap in i|102[) • We know that 

(104) naffF=pj 

for all j3 G R x \/jl(R). Since the map 

R x - R((q)r 
j3 i — ► itapF 

is p-adically continuous, we have that that (|104fl holds for all /? G i? x . This com- 
pletes the proof. □ 
Combining Lemma f8. 101 Lemma f8. Ill and (|99|l . we derive the following. 

Proposition 8.14. Let E — Ep q be the Tate curve over A — R((q))~~ with param- 
eter (3q, (3 G R x . When viewed as elements of the ring 

A[[T]][SpT, S q T, S 2 p T, S p S q T, 5 q T]~~ , 
the characters ipp~ q , ipq> are equal to 

i>\ q = -\pn8 q - 70 P + pi\i{t) , 

^ = 7S 2 q l(T), 

V v = kv^-^+PV^p+PV^KT)- 
In particular, we have the relations 

(T'T^+T^-TV)^ = ^ +2 ^ 2 -7 3 ^, 

l^q $lq = (vSq ~ Pl&p + l)V\ ■ 
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Remark 8.15. Of course, if j3 is a root of unity, the first of the last two relations 
in the Proposition above reduces to the identity = 0. In this case, we also have 
that 



(105) Vp 9 = -Tl>l ■ 



Remark 8.16. By the Proposition above, the Frechet symbol of ijjp with respect 
to uj is 0^ u = v£q ~ I^p + 7- Thus, if we consider the "simplest" of the energy 
functions on E given by 

H := (^ 9 ) 2 , 

a direct computation shows the following expression for the Euler-Lagrange equa- 
tion attached to H and the vector field d dual to uj: 

In particular, any solution of ipp q is a solution of the Euler Lagrange equation e\j d . 

In the sequel, we will need to use some other facts about Tate's curves that 
we now recall. Indeed, note that the cubic defining Ep q has coefficients in -R[[q]], 
and hence, Ep q has a natural projective (non-smooth) model £ = £p q over i? [[<?]] 
equipped with a "zero" section defined by T = — |. The completion of £p q along 
this section is naturally isomorphic to Spf R[[q}][[T}], where R[[q,T}} = R[[q]][[T]] 
is viewed with its T-adic topology. This isomorphism induces a natural embedding 

l : qR{[q\] -> £{R[[q]\) C E(A) , 

that is explicitly given by sending any u G 9-R [[<?]] into the point off whose (T, W)- 
coordinates are ^ 

(u,u 3 - — Ei(pq)u 7 + ■■■), 

cf. I|92|l . We denote by E\(A) the image of this embedding, that is to say, E\{A) = 
i{qR[[q]\). When no confusion can arise, we will view i as an inclusion, and we will 
identify i(qR[[q}]) with qR[[q]]. 

The formal group law T = Te = T^T^T-i) of E with respect to T = — | has 
coefficients in R [[q]], and is isomorphic over i?[[<7]] to the formal group J-Q m = 
ti + 1-2 + t\t2 of G m via an isomorphism a(t) = t + ■ ■ ■ G t + t 2 R[[q, t]}). 

For convenience, we recall how a arises. We first notice that for any variable v, 
the series 
(106) 

Yin i,\ v 4- V I P n q n v i fJ"q n v 1 _ o P"q" A 

^\ ( i' U ) ■— (1-v) 2 ^ l^n>l y(l-P"q"v)^ ~r (l-p^q^v- 1 ) 2 Z (l-/3"g") a J ' 

Y(n 1)\ — 1,2 I V ( (^^v? /3 n q n v-\ , 0"q n \ 

I \1, u ) ■— (1-v)* ^ l^n>l \ k (l-/3"g"u)3 (l-piq^v- 1 )* ~T (l-0"q")* J ' 

make sense as elements of the ring Z^,?; -1 ] [[<?]] [y^j]. E3> P- ^25. ^ wc 
specialize v 1 + t G where £ is a variable, then X and Y - become elements in 
Z[[(?]]((i)), that is to say, Laurent series in t with coefficients in Since p > 5, 

the series 

X = X + j2 
V = -Y-$ 

belong to Z( p) [[q}}((t)). Note that X = t~ 2 + ■ ■ ■ and Y = t 3 H , hence, x = 

<~ 2 H y = -t 3 ^ and so T = -| = H =: cr(i) G t + t 2 Z (p) [[g,t]]. It turns 

out that t^T = a{t) defines an isomorphism JF Gm ~ JF^; cf. p. 431. 
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Definition 8.17. The characteristic polynomial £t(£p,£ 9 ) of a character ipp q is the 
Frechet symbol of ip^ q with respect to u>: 

Note that /j,(0,0) G R x . The characteristic integers of ipp q are the integers k such 
that /i(0, k) = 0, that is to say, solutions of r\n = —7. The set K. of characteristic 
integers has at most one element and is given by 

£ = HMnz, 

A totally non- characteristic integer n G Z is an integer such that n ^ mod p, and 
/Lt(0, k) ^ mod p, that is, 

rjn 2 + jk ^ mod p . 

We denote by K! the set of totally non-characteristic integers. For any O^kgZ 
and any a £ R, the 6as?c series is 

(107) ^, K , Q := e £ (| < K , Q ^) G , 

where &e(T) G Tif[[g]][[T]] is the exponential of the formal group law J 7 ^, and 
w a k a i s as m Equation HJfjJ If in addition n is characteristic (i.e. 2 — — I) then 



( 108 ) : =E(-!)^ 
Cf. Example EHl 

Lemma 8.18. Lei its assume that k G Z\pZ. Then we have Ue K a G 
Moreover, the map R — > -/?[[?]], a > UE, K ,a is a pseudo S p -polynomial map. 



Proof. In order to prove the first assertion, let 

ft := l E (UE,K,a) = [ U% K — , 

J 9 



where l E (T) = l(T) G -ff [[<?]] is the logarithm of the formal group law Te- The 
isomorphism a(T) = T + ■ ■ ■ G between Te and Tc m clearly has the 

property that 

e E {T) = a(eG m (T)) , 

where 

e Gm (T) = exp(T) - 1 = T+ ^ + ^ + • • ■ 

So in order to check that es(ft) G it is enough to show that ec m (h) G 

that is to say, show that exp (h) G 1 + gi?[[g]] . By Dwork's Lemma 12^11 it is enough 

to show that (<f> — p)h G pgi? [[(?]]. Now, by Lemma lb. 31 we have that 

p(r)K + j)aq K = p(r]S q - j(j) p + 7)<, K , Q 
= S q (pn6 q - jcf) p + pry)h . 

Hence 

(109) (pr]S q - j(j} p + pj)h - p(j]n + 7)a«T V G # H Q-if [[<?]] = , 



m 



ALEXANDRU BUIUM AND SANTIAGO R. SIMANCA 



which gives 

l{4>p ~ P)h = pr]S q h ~ p(r/K + j)an~ 1 q K 
£ pqR[[q\] , 

and we are done. 

The second assertion is proved exactly as in Lemma 17.61 □ 
We have the following "diagonalization" result. 

Lemma 8.19. Let us assume that k G Z\pZ, and that a £ R. Then 



Proof. We have that 

lp 2 q U E ,K,a = lS%lE (e E (/ <«, a f 

— l&q u a,n,u 

M <P) 

— "f Ku a,K,a- 

Consequently we have 

= S 2 ((r/K + -f)aK~ 1 q fi ) . 

Hence 

6 q {ipl q u E , K , a - (r?K + -i)an- 1 q K ) £ R n qR[[q}] = 0, 

and, therefore, 

ipl q UE, K ,a - {rjK + 7)a«rV £ R n g.R[[g]] = 0, 
completing the proof. □ 

Remark 8.20. 

1) For k £ Z\pZ the map 

R -» 

is a group homomorphism. 

2) In analogy with (|31|) . if k S Z\pZ, we may define boundary value operators 



B° K : £(qR[[q}}) - i? 
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Then, for n\,K2 G Z\pZ, we have 

3) For k s Z\pZ we have 
(110) u E , K: ( K a(q) = u E:fi , a ((q) 

for all C G In particular, if a = V ( \. rriiQ . Q G ^(-R), rrii G Z, 

Vp(mi) — » oo, then 



UE, K ,a{q) 



OO 

E 

,i=0J 



K](UE,l,l(Cf« K )) = 



E 



Here [J^] is the sum taken in the formal group law, and [m^](T) G R[[q]] [[T]] 
is the series induced by "multiplication by m/' in the formal group. It is 
known that the sequence [rrii](T) converges to in i?[[g]][[T]] in the (p,T)- 
adic topology, so the series in the right hand side of the equality above 
converges in the (p, g)-adic topology of Morally, u E , K , a is obtained 

from ue, k ,i via "convolution." (We have not defined "convolution" for 
groups not defined over R. This is possible but we will not do it here.) 
4) We have the following "rationality" property: if a, [3 G Z( p ) then ue.k,u G 
Z (p) [[<?]] for k G Z\pZ. 

For the next Proposition, we denote by 

(HI) Ul := {u G E{A) | ^ pq u = 0} 

the group of solutions of tpp q in A = R((q))^, and we set 

(112) Ul :=Ul nEx(A). 

Note that there is no natural analogue of W<_ in this case. 

We let E (A) be the subgroup of all u G E(A) that are solutions to all 8 q - 
characters of E. By [22 or 0], Eq(A) is actually the set of all solutions of the 
Manin map ip*. We set 

(113) Ul := Ul r\E (A). 

We should view U\ as a substitute for the groups of stationary solutions in the 
cases of G a and G m , respectively. 

Theorem 8.21. Let Ep q be the Tate curve with parameter /3q, where [3 G R x . Let 
Ul be the group of solutions in R((q)Y* of the {S p , 6 q }- character 'ippq- Then the 
following hold: 

1) If ~ == f or some integer k > 1 coprime to p, and ifuE, K ,a *s the basic 
series in (|l(J7f) . then 

ul = ul + ul , 

Ul = {u E , K , a I a e R} . 

2) If ^ is not of the form 2 = — A /or some integer k > 1 coprime to p, then 

Ul = . 

Proof. It is sufficient to prove the following claims: 
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1) If s = — i for some integer k > 1 coprime to p, then ip pq UE, K , a = for all 
a. 

2) Assume ipp q u = f° r some / ti £ Then 2 = — A for some integer 
k > 1 coprime to p, and u = u E ,K,a for some a. 

3) If - = — i for some integer k > 1 coprime to p, and if w G -E(-A) is such 
that = 0, then there exists a u such that V'g( M — ue. k ,u u ) = 0. 

The first of these claims follows directly by Lemma \8. 191 
For the second claim, we write 



Now 

S2 



= = (r,5 q - p 7 p + 7 ) S 2 q (l E (u)) . 

0^v:=5 2 g (l E (u))eqR[[q]}, 



so, by Theorem 16. 101 there exists an integer k such that r/n + 7 = and v = mJJ ( ^ c 
for some a £ R. By (fTTTf) . <5 9 ^(u) = K a so 

U " e£ (/ U ^ K '°^q 

and the result follows. 

For the third claim note that, as before, we have 

1 

7 

By Theorem 16.101 tp q u = a + u£* for some a £ R and some a £ R, with 
(ri5 q —p'f(f) p + j)ao = 0. The latter simply says p<fi p (ao) = do, and since v p ((j) p (ao)) = 
Vpiflo), we must have ao = 0. Hence = u^ v K a . On the other hand, 

and so — "e.k.o^k) — 0, completing the proof. □ 

Remark 8.22. The condition in Theorem 18 . 2 II that the quotient of the Kodaira- 
Spencer classes has the form 

X] 1 

7 K 

for some integer k > 1 coprime to p has a nice interpretation in terms of wave 
lengths (in the sense of Remark 17.10(1 . The condition is equivalent to saying that 
the wave length of the parameter [3q of the Tate curve belongs to 

c 2c 3c 'nz> 



777 

This is, again, a "quantization" condition. 

Corollary 8.23. Under the hypotheses of Theorem 18.211 and the assumption that 
1 = — for some integer k, let u £U\. Then we have that the series ip^u £ k[[q\] 

is integral over k[q], and the field extension k(q) C k(q,'ip q u) is Abelian with Galois 
group killed by p. 

Proof. This follows immediately by Theorem 18.211 and Lemmas 16.61 and 18.191 
respectively. □ 

The next Corollary says that the "boundary value problem at q — 0" is well 
posed. 
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Corollary 8.24. Under the hypotheses of Theorem 18.211 and the assumption that 
2- = — ^ for some integer k, then for any a G R there exists a unique u ^U\ such 
that B®u = a. 

Next we study {8 P , (5 9 }-characters of order 2 of the form ip 2 + Xip 2 . 

Theorem 8.25. Let Ep q be the Tate curve with parameter (3q for (3 not a root 
of unity. Let U\> be the set of solutions of the {6 P , 5 q }-character %p 2 + \ip 2 in 
A = R((q)y, where A G R. We set 

U 2 := UlnEo(A), 
Ul := UtnE^A). 

Then the following hold: 

1) If ^ — an d A = k 3 for some integer k > 1 coprime to p, and if UE. K ,a 
is the basic series of ipp q ( cf. \101\) ), then 

ul = u 2 +u 2 , 

U 2 = {u E .K, a | a G R} . 

2) IfZutg {-n 2 \neZ}, then U 2 = 0. 

Proof. We prove assertion 1). The fact that U\ consists of exactly the UE, K ,a's 
follows directly by Theorem 18.211 and Proposition 18 . 14l We just need to observe 
that, by Theorem 16. 101 the map 

(lV 2 S q + tVp ~ 1 2 V) ■ qR[[q]] -» qR[[q]] 
is injective. Now if u G U^ then, by Proposition 18 . 141 we have 

(777% + l 2 -q(f) p - 7 2 77)^ g « = . 

By Theorem 16. 101 ipp q u G R. Again, by Proposition l8.14l we get 

= jS q i(jl q u = (i]S q - pjcf). p + i)iplu . 

By Theorem 16 . 1 01 there is an a G R such that 

1 2 u (p) 

VqU = K K a . 

On the other hand, as in the proof of Theorem 18.211 we have that = 
tp q UE,K,a/-yn- Hence ip 2 (u — ue , k , q / 7K ) = 0, and the assertion is proved. 

In order to prove assertion 2), let us assume u G gi?[[(z]] is such that (tp 2 +Xip 2 )u = 
0. Then 

= 5 q (^ 2 + X^)u = 5, [7^ + +pr))4> p +pr)*)]l(u) 
= [jS 2 + p\ri<j>l - Afa* + p^p + \T]t>}6 q l(u) . 

By our assumption, + n 2 ^ for all neZ. By Theorem 16. 101 

-fS q + vM$p - K l f + pv)^ + 

has no non-zero solution in gi?[[q]] . Since 5 q l(u) G g-R[[g]], we get S q l(u) — so 
l(u) G K n qK[[q}] = so u = 0. □ 
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Next we address the boundary value problem at q ^ for iA q . For go £ pR and 
(3 £ R x not a root of unity, we let £p qo be the (non-smooth) plane projective curve 
that in the affine plane is given by the equation 

V 2 = - ^E 4 ([3q )x + -^E 6 ((3q Q ) . 
There is a commutative diagram of groups 

qR[[q}} A £ 0q (R[[q]]) 

(114) I l* qo 

pR £ 0qo (R) 

where the vertical arrows are induced by the ring homomorphism 

R[[q]} -> R 
u(q) i > u(q ) ' 

L qo sends pa into (pa, (pa) 3 — j^E 4 ((3qo)(pa) 7 + • • • ) for a £ R, and the image of L qo 
is £p qa (pR) , the preimage of via the reduction modulo p mapping 

(115) -W*)- 

So we have L qo (pR) = £p qo (pR). We note that we have usually identified 

with but in order to avoid the potential confusion produced by the choice 

of qo, we will not identify i qa (pR) with pR. 

Let £'p qo (R) be the pull-back by the map 5p of the locus £^(k) of regular 
points on the cubic £p qo (k). So we have inclusions of groups 

£ Pqo ( P R) c£' Pqo (R) c£ Pqa (R)- 

Let us recall some facts about torsion points on Tate curves. There is a natural 
injective homomorphism 

t:h(R) -> £p q (R[[q]]) 

(116) v ~ (X(q,v) + ±,-Y(q,v)-±X(q,v)), v?l, 
1 i ► oo , 

given by the series in UlUtif) . (The formula makes sense because if 1 ^ v £ n(R) then 
1 — v £ R x .) The composition of the homomorphism in l|116|) with the specialization 
map TT qo in l|114|) gives a homomorphism 

T qo : n(R)-+ £p qo {R) 

The composition of r qo with the reduction mod p mapping £p qo (R) — ► £p qo (k) is 
the map 

fi(R) -> £p qo (k) 
1 I ► oo , 

which is an isomorphism of fi(R) — k x onto £^ qo (k). We conclude that the mapping 
T qo above is an injective map, and any point P £ £'p qo (R) can be written uniquely 

as 

P = L qa (pa) + T qo (C) , 

where a £ R and ( £ n(R). 



ARITHMETIC PDES 



71 



Corollary 8.26. Let U\ he the set of solutions of ipp q in R((q))^, and let 

U'^ := r(/i(i?)) - U{ C Ul . 
Assume ^ = — ^ with k > 1 an integer coprime to p. Then the following hold: 

1) For any qo £ p v R x with v > 1 and any g £ i, qo (p KU R) C L qo (pR) = 
£j3 qo (pR), there exists a unique u £ U\ = i{qR[[q}}) = qR[[q\] such that 
u{qo) = g- 

2) Assume k = 1. Then for any go £ pR x a nd any g £ £'p qo (R), there exists 
a unique u £ U'_, such that u(qo) = g. 

Proof. Let us prove assertion 1). By Theorem 18.211 and Equations I|1U7H and 
(|108|) . it is enough to show that the mapping R — > p KV R defined by 

is a bijection. Let us recall that ce '■ p N R — > L qa (p N R) is an isomorphism for all N. 
So it is enough to show that the map R — * p KV R given by 

is a bijection. But this is clear by Lemma 16.151 

For the proof of assertion 2), we let g £ £' /3qg (R), and write g — T go (Co) + wq, 
wq £ E[3 qa {pR). By assertion 1), there exists w £lA\ such that w(qo) — wq. Let us 
set u :— t(Co) + w. Then u{q$) — r qo (Co) + wo = 9> which completes the proof of the 
existence part of the assertion. In order to prove uniqueness, we let u\ = t(Cl) + w\ 
with wi £ IA\ such that ui(qo) = 9- Then 

T qo (Cl) + W l (Qo) = T qo (Co) + Wq . 

This implies that Ci = Co and Wi(<7o) = w o- By the uniqueness in assertion 1), we 
get w\ = w. We conclude that u\ = u, and we are done. □ 
The following Corollary is concerned with the inhomogeneous equation ipp q u = tp, 
and it is an immediate consequence of Lemmas 18.191 18.241 and 16.61 

Corollary 8.27. Under the hypotheses of Theorem ^. 211 assume that ^ = — A for 
some integer n, and that if £ qR^q\\ is a series whose support is contained in the 
set K,' of totally non- characteristic integers of ipp q - Then the equation ipp q u = ip 
has a unique solution u £ E\(A) such that the support of ip q u does not contain 
k. Moreover, if (p £ k[q] the series ip^u £ k[[q\] is integral over k[q] and the field 
extension k(q) C k(q,tp^u) is Abelian with Galois group killed hyp. 

Remark 8.28. Let us assume that 2 = —1. By Corollary 18. 261 for any qo 6 pR x 
the group homomorphism 

S qo :fi(R)xR - £' [jqo (R) 
(C, a) i ^ r qo (C) + 

L qo V u E,l,a (qo)) 

is an isomorphism. So, for any q±, qi £ pR x we have a group isomorphism 
Sq!,q 2 '■— S q . 2 o S qi : £'(3 qi (R) — > £'p q2 (R) ■ 
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The latter mapping can be viewed as the "propagator" attached to ipp q - 

It is natural to make the propagator act as an endomorphism of a given group. 
We accomplish this by defining a new propagator 

: = r 9o ° r," 1 o s quq2 o r 91 o r- 1 : s' Pqo (R) -» £> Pqo {R) , 

where T qi is the group isomorphism 

(£, a ) ^ ^ + T ?i (£) 

Then it is easy to see that for Cii C2 G v(R) we have that 

c"Jo _ alo C"?0 

90ifi<29o 9o,C29o <?o,Ci9o ' 

which, once again, we view as a (weak) form of the "Huygens principle." 

8.3. Elliptic curves over R. In this section we consider an elliptic curve E over 
A := R defined by 

/ = y 2 ~ (x 3 + a A x + o 6 ) , 

where a 4 , a e G R, and equip it with the 1-form 

dx 
ui = — . 

y 

We use the notation and discussion in Example 12 . 1 61 that applies to E over R. 

Clearly, f 1 = 0. Let us fix in what follows the etale coordinate T = — ^, and 
denote by l(T) = Ie{T) G K [[T]] the logarithm of the formal group T E of E with 
respect to T. 

Proposition 8.29. The following holds: 

1) The image of ip q in 

nil 1 ( ^ifiM ^ = A [ x ^y^P x ^vV^g x ^qyr 
\ pq \ (/) J J (/A/A/) 

S x 

is equal to 

y 

2) The image of i\) q in A[[T]][5 p T, SgT]~~ is equal to 5 q l(T) — "jj>(r) ■ S q T. 

The first assertion above says that the {6 P , <5 g }-character ip 1 attached to (E,oj) 
coincides with the Kolchin's logarithmic derivative |2()j . 

Proof. We first check that comes from a {S p , c^j-character. For that, it is 

enough to show that its image {T,S q T) in A[[T]][5 p T, 5 q TY~ defines a homo- 

morphism from the formal group of J pq {E) to the formal group of G . This is 
so because "a partially defined map, which generically is a homomorphism, is an 
everywhere defined homomorphism." We now recall that lo and I are related by the 
equation 

Consequently, if we denote by x(T) and y{T) the images of x and y in R((T)), 
respectively, we have that 

( T ) • dT = (^j (T) = (y(T))-^(T) ■ dT. 
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Hence 
(117) 



(^) (T, 5 q T) = (y(T))-^(T) ■ S q T = -|(T) • S q T = 8 q l{T) . 



But clearly S q l(T) defines a homomorphism at the level of formal groups. Hence 
^ is a {S p , <5g}-character of E. Now, (|117|l also shows that 

^ - 6 -f e A[[T]] , 

and thus, xjj q — — defines a homomorphism i? — > G a . Therefore, ipl ~ -7- = and 
assertion 1) is proved. 

The second assertion follows from the first in combination with l|117|) . □ 

Remark 8.30. As in the previous subsection, we identify g ±1 i?[[g ±1 ]] with its 
image i?(g ±1 i?[[g ±1 ]]) in £'(i?[[g ±1 ]]) under the embedding 

l : g ±1 i?[[g ±1 ]] - E^Rftq* 1 ]]) 

given in (T, W)- coordinates by 

u 1 ► (u, u 3 + a±u 7 + ■••). 

In the sequel, we fix an elliptic curve E/R. We define next the characteristic 
polynomial of a {S p , i5 g }-character, non-degenerate {6 P , 5 g }-characters, their charac- 
teristic integers, and basic series. We distinguish the two cases / p ' /0 and f p — 0, 
respectively. 

If fp by Eh P- 197, Vp(fp) > Vp(fp). We may therefore consider the 

{5 pi (5 9 }-character 

Jp 

Its image in R[[T]][S p T,S^Tr is 

V'p.nor = -(^p+7l<^P+P70)2( T )) 

where 

f 2 (f 1 ) 
7i := ~TT e 7o := -^5— S i? . 

J p 

By Proposition 18.81 any {S p , 8 q }- character of -E is a if-multiplc of a {<5 p ,(5 g }- 
character of the form 

(118) ViS := V(4>p, S q )lpl + K^P^l.nor , 

where v(£ P ,£q) £ R[^ P ,^q] and A(£ p ) € -R[£ P ]- The Picard-Fuchs symbol of ipE with 
respect to T is easily easily seen to be 

<7{£p>Zq) =PKCp ! ^g + A(Cp)(^ + 7lCp+F)'Q)' 

Hence, the Frechet symbol of ipE with respect to uj is 

^) = a{p ^ q) = v(pt P , + m P ){ P e P + iitp + 70) . 

Definition 8.31. Let us assume that E/R has f p ^ 0, and let ipE be a {<5 p ,(5 g }- 
character of E of the form in l|118|) . We define the characteristic polynomial [i(£ p , £ q ) 
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of ipE to be the Frechet symbol 0(£ p ,£ q ) of ipE with respect to w. We say that the 
{S p , <5 ? {-character ipE is non-degenerate if ^((0,0) G R x , or equivalently, if A(0) £ 
R x . For a non-degenerate character ipE, we define its characteristic integers to be 
the integers ft such that /x(0, k) = (so any such k is coprime to p), and denote by 
K the set of all such. We call k a totally non- characteristic integer if k ^ mod p 
and /i(0, k) ^ mod p. The set of all totally non-characteristic integers is denoted 
by K! , For O^kgZ and a € R, we define the basic series by 

(119) u E , K , a = e E ( [ u Q , K , Q — ] G g ±1 ^[[g ±1 ]] , 



where 

(120) u,,.,, : <,..„: 

Cf. pi. 

Let us now consider now the case where = 0. We may then look at the 
{5 p ,£g}-chaxacter ^ G X^(£;), cf. pUIjl . Its image in R[[T]][5 P T]~~ is 

^p = -^(fip + Plo) l ( T ) > 

where 70 G i?; cf. 0, Remark 7.21. (We actually have 70 G R x if the cubic 
defining E has coefficients in Z p ; cf. Theorem 1.10.) By Proposition 18.91 any 
{S p , 5 g }-character of E is a if-multiple of a ^j-character of the form 

(121) ^ B :=^p,^K+A(0p)^, 

where ^(£p,£g) G an( A ^(£p) 6 -^[£p]- We easily see that the Picard-Fuchs 

symbol oiipE is given by 

Thus, the Frechet symbol at the origin (with respect to dT) is 

9(Zp, Q = a{p ^ q) = KK P , Qt q + a(Kp)(Cp + 70) ■ 

Definition 8.32. Let us assume that E/R has /p = 0. (Recall that then E/R 
has ordinary reduction mod p; cf. Corollary 8.89.), and let us fix a {S P7 S q }- 
character of E of the form tpE as in 112111 . We define the characteristic polynomial 
M£pi 63) °f V'E to be the Frechet symbol 0(£ p , £ 9 ) of ^ with respect to u>. We say 
that the {S p , <5 q }-character ipE is non- degenerate if /u(0, 0) G i? x , or equivalently, 
if A(0) G R x and 70 G R x . For a non-degenerate character ^_b, we define the 
characteristic integers to be the integers k such that /x(0, k) = (so any such k 
is coprime to p), and denote by K, the set of all such. We say that k is a totally 
non- characteristic integers is k ^ mod p and /z(0, k) ^ mod p. The set of all 
totally non-characteristic integers is denoted by K! . For ^ k 6 Z and a G i?, we 
define the &aszc series 

(122) Us , K , a = e B U a>K ,J^\ G g ±1 ^[[g ±1 ]] , 
where 

(123) u a jK:Q := w a)K Q ,; 

cf. dSSJ- 



ARITHMETIC PDES 



75 



In the sequel, we consder an elliptic curve E/R without imposing any a priori 
restriction on the vanishing of fp . 

Example 8.33. Let us assume that v = 1, A £ R x , that is to say, ipE is either 
if}q + Xipp^ nor or i/)* + Xtpp according as /* ^ or f£ = 0, respectively. Then the 
characteristic polynomial is unmixed (provided that 71 £ R x in case f£ ^ 0), 

/c = {-A 7o }nz, 

and /C 7^ if, and only if, A70 £ Z. In this case, ipE should be viewed as an analogue 
of either the heat equation or the convection equation according as fp 7^ or f£ = 0, 
respectively. 

Example 8.34. Let us now assume that v — £ q and A £ R x , that is to say, ipE is 
either 8 q ip q + Xipp nor or 5 q tp q + \ipp- according as fp ^ or = 0, respectively. 
Then the characteristic polynomial is unmixed (provided that 71 £ R x in case 
fl ^ 0), 

/c = {±v/-A 7 o}nz, 

and K, 7^ if, and only if, — A70 is a perfect square. If this the case, %pE should 
be viewed as analogue of either the wave equation or the sideways heat equation 
according as /* ^ or = 0, respectively. 

Example 8.35. Let us consider the "simplest" of the energy functions in the case 
where fp = 0: 

H = a^ l q ) 2 + 2b^ q +c^ l p) 2 . 

Here, a, b, c £ i?. 

A computation essentially identical to the one in Example 17.51 leads to the fol- 
lowing formula for the Eulcr-Lagrange equation t\j g attached to H and the vector 
field d dual to uj: 

e]j d = (-2aU P S q - 2bU 2 p + 26)^ + (2c* 7 ^ P + 2c)V£ • 

Hence, the characteristic polynomial of e\j g is 

= (-2a*p&& - 2&V$ + 2% + (2c* 7 fo>& + 2c) + 70) , 

so the 5 9 }-character a is non-degenerate if, and only if, c £ R x and 70 £ R x ■ 
Moreover, the set of characteristic integers is 



On the other hand, when /y 1 ^ we consider the "simplest" energy function 

H = a(^) 2 + 2&^Vft„or + c (V£ no ,) 2 , 
for a, 6, c £ i?. Then we have the following values for the Frechet symbols: 

and we get the following formula for the Euler-Lagrange equation attached to H 
and the vector field d dual to 10; 

+ [2b*\ 1 f - 4W V + - ^lt)^v + 2&PK 

+(2c*V # + 2c*4<P v + 2cp)^l nor . 
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In particular e 2 H g is degenerate for all values of a, b, c. More is true, actually: e 2 H g 
is not a i^-multiple of a non-degenerate {S p , £) 9 }-character. 

Lemma 8.36. Let n € Z\pZ. Then we have ue,k,u G 'Z ±1 ^[['? ±1 ]] f or a ^ a E R, 
and 

R - R[[q ±x ]] 
a i-> u E , K , a 
is a pseudo 5 p -polynomial mapping. Consequently, 

R -> E(R[[q^}}) 

is o/so a pseudo 5 p -polynomial mapping. 

Proof. As an element of R[[T]}[5 p T, 6 q T, S 2 T, S p S q T, 5 2 TY~, the {S p , (5 g }-character 
ipE coincides with 

- S q )6 t + # + ^71 ^ + A(^) 70 ) l(T) 

if /p ^ 0, and it coincides with 

4>e = (v(<f> P , S q )5 q + ^-J> p + A(0 p ) 7 oWT) 
if /p = 0. In the first case, by Proposition 18 . 291 we have that 
(124) Sq ^ E = (yterfp' S i) S i + Mp4> p )p(I>1 + A(W>p)7i</> p + \(p(f> p )jo)5 q l(T) 

= {v{p(f>p, Sq)S q + \{p(t> p )p4> 2 p + X(p(f>p)jl(f>p + X(p(f)p)jo)tpl . 

Similarly, if f p = we have 

( 125 N ^qlpB = (v{p(f>p,Sq)Sq + Hp(f>p)<Pp + Hp(f>pho)Sql{T) 

= {v(p4> p ,5q)5q + X(p4> p )(j)p-\-X(p4> p )^o)'4}\- 

Thus, if ipEU = 0, we have ip^u a solution of 

v{p<j> p , S q )S q + A(p0 p )p0p + A(p</> p )7i0p + A(p</> p )7o 
when fp ^ 0, or a solution of 

<5 9 )<5 g + \{pcj) p )(j) p + X(p(f> p )jo 

when =0. 

Let a € i?, and set 

h:= u a , K , a — G > 

j q 

with u a ,K. a as in (|120f) or l|123|) . respectively. Note that 

3qh — n a n a . 
By Theorem 16. 1UI when / p ' ^ we get that 

5 q (/j,(0, n)aK~ 1 q K ') — ^{0 1 n)aq K 

= {v(p<p p ,5 q )S q + X{p(/) p )p(f>l + A(p0p)7i0p + \{p4> P )io)u a ^, a 

= {v(P<Pp,0~q)5q + \{p(t) p )p(j) 2 p + \{p(t> p )"1l(j) p + \(p(/) p )jo)5qh 

= 6 q (u(cf>p,5q)S q + ^4> 2 p + ^7i^p + A(0p) 7 o) h 
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Hence 

(126) (^ p ' Sq)6q + + + X ^pho) h ~ MO, /s)a/c- V 

£Rnq ±1 K[[q ±1 }}=0, 

and we have that 

K<t>p) {j,4>l + ~7i0p + 7o) h = -v{(j> p ,8 q )5 q h + ,u(0, rc)a«r V 

( 127 ) = -v(<f> p ,6 q )u aiK , a + 1-1(0, K)aK~ 1 q K 

G ^R[[q^]]. 

By Lemma f2. 61 we get 

(128) Q$ + i 7 i0 P + 7o) ft G ? ±1 ^[fe ±1 ]] C iZfo* 1 ]] . 
Similarly, when f p = 0, we get 

(129) fyp + Jo^hERUq^}}. 
We claim that that if /* ^ we have 



(130) 



where £ ^[[<7 ±1 ]] is obtained from l(T) = l E (T) G K[[T]] by substitution of 

q ±x for T, and <j> p : R[[q ±l ]} -> i?[[q ±1 ]] is defined by ^(q^) = q ±p . In order to 
check that this holds, it is sufficient to check that 

(131) (0p+7i0 P +P7o)M<Z ±1 ) epft* 1 ]]- 
Now recall that 

(132) (4%+7i4b+P7o)lE(T)epR[[mSpT,%rr, 

where, as usual, the mappings R[[T}} ^ R[[T\][5 p Tf H R[[T]][S P T , S^T}^ are de- 
fined by <f> p (T) = T p +pS p T, 4> P (8 P T) = (S p T)p + pS^T . Taking the image 
under the unique <5 p -ring homomorphism R[[T]][S p T, 5%T]~ -> i?[[Q ±1 ]] that sends 
T into q ,±1 , we get equality (|131fl . completing the verification that (|130ll holds. 
Similarly, when f p = we have that 

(133) f^+H))lj!(8)6i2[[fl]. 

If /p 7^ 0, then by (| 128(1 . (|130l) . and Hazewinkel's Functional Equation Lemma 
1231 it follows that e(h) G R^ 1 ]]- Since e(h) G g ±1 if[[g ±1 ]], we get 

u E ,K, a = e E (h) e^fl^ 1 ]]. 
Similarly, if /p 1 = 0, by and l[T55)l. we get that 

As in the proof of Lemma lV.6l we see that 

R - R[k ±x ]] 

a i-> UE,)i,o 

is pseudo <5 p -polynomial mapping. □ 
We have the following diagonalization result. 
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Lemma 8.37. Let k G Z\pZ, and a £ R. Then 



II,: 



Proof. The first equality is clear. Now, by (|126J) . if /* ^ we have that 

1>EU E ,K, a = (v^p,S q )5 q + ^<t>l + ^li^p + K^p)lo)lE{e E (h)) 
= /i(0, n)an~ 1 q K . 

A similar argument can be given in the case f^ — 0. □ 
Remark 8.38. 

1) For k G Z\pZ we have 

(134) u E ,K,C"a{q) = u E:K , a {(q) 

for all C G fJ-(R)- So if a = J2ilo m iQ' C» e TO i e ^ v p {mi) — > oo, 

then 



E 

i=Q. 



[mi](uB,«,i(C<9)) • 



If / S Z(i(R)~ is such that (/M)8 = a £ R, then 

Note that {u_e. k ,q | G is a Z/i(i?)^-module (under convolution). This 
module structure comes from an i?-module structure (still denoted by *) 
by base change via the morphism 

z/i(i?r ^ z/i(i?r ^ r 

(cf. pi)l). and the -R-module {m£, K;Q | a G i?} is free, with basis ue iK ,,\- 
Thus, for 5 G Z/i(i?)~, /3 = (g^ 1 ) 1 *, we have that 

In particular 

«E,s,o = Ct-kUE, K ,l ■ 

2) We recall (see (J2D) the natural group homomorphisms attached to ip*, 

B° K :E(R[[q^}}) -» 

For k 1; k 2 G Z\pZ, we obtain that 

3) Assume that £7 is defined over Z p and / p ' / 0. Then G Z p , so 70 = 1. 
Also, by the Introduction of |o|, 71 G Z. Thus, if in addition to a, A G Z( p ) 
we have that the cubic defining E has coefficients in Z( p ), then u E , K ,a G 
^(p)!!?* 1 ]] for k G Z\pZ. 

4) Assume B is defined over Z p and that = 0. Then the Introduction in [B], 
70 is an integer in a quadratic extension F of Q. We view F as embedded 
into Q p , and set O/p-j := F (~l Z p . Then, if in addition to a, A G Z( p j 
we have that the cubic defining E has coefficients in Z( p j, we obtain that 
u E , K .a G C( p )[[g ±:L ]] for k G Z\pZ. 
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Theorem 8.39. Let E be an elliptic curve over R, ipE be a non- degenerate {S p ,5 q }- 
character of E, and U* be the corresponding groups of solutions. If /C is the set of 
characteristic integers ofipE, and UE, K .a be the basic series, then we have that 

U±i = ffi Ke c ± {ti £ , K , a I a € R} , 

where © stands for the internal direct sum. In particular, U±\ are free R-modules 
under convolution, with bases {ue. k ,i I K £ 7 respectively. 

Proof. By Lemma 18.371 UE, K .a £ U\- Conversely, if u S U\, that is to say, if 
u £ ii^i? [[<?]]) and tpEU = 0, we have that tp^u £ g , i?[[g r ]] is a solution of 

v(p<t) p , S q )6 q + \(p<t) p )p(f>l + \{p(j} p )^i(j) p + \(p(f) p )jo , 

or a solution of 

v{P<Pp, S q )S q + \{p<p p )(f> p + \(p<p p )jo , 

if fl ^ or fp = 0, respectively. Cf. (|124|l and l|125|) . respectively. By Theorem 
16.101 we have 

s 

i=l 

for some on £ R, where /C+ = {ki, . . . , k s }. Therefore, 

U = eE ( / Yl U a,K„ Ql — J = Yl U E , Ki , ai ■ 
V i=l q I 1=1 

This representation is unique because of (|135|) . 

A similar argument works for u £ U~\. □ 

Corollary 8.40. Under the hypotheses of Theorem 18.391 let u £ U±. Then the 
following hold: 

(1) The series ^p q u £ fc[[g ±:L ]] is integral over fc[g ±:1 ], and the field extension 
k(q) C k(q,ipqu) is Abelian with Galois group killed by p. 

(2) // the characteristic polynomial of tp E is unmixed and K,± is short then u 
is transcendental over K(q). 

Proof. Assertion 1 follows immediately by Theorem 18.391 and Lemmas 16.61 and 
18.371 respectively. In order to check assertion 2, note that by the above results, 
is transcendental over K(q). If u were algebraic over K(q), the point 

(T(q),W(q)) = {u,u 3 + a iU J + •■•) 

would have algebraic coordinates over K(q). Hence, the same would be true about 
the point 

and therefore, ip^u = 5 q x(q) /y(q) would be algebraic over K(q), a contradiction. 
Thus, u is transcendental over K(q), and assertion 2 is proved. □ 

Corollary 8.41. Under the hypotheses of Theorem \8. 391 the maps E>± : U±\ — > R p± 

are R-module isomorphisms. Furthermore, for any u £ U±i, we have 



so 
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In particular the "boundary value problem at g ±1 = 0" is well posed. 

Next we address the "boundary value problem at q ^ 0" for ipE- 

If E is an elliptic curve over R, we denote by E(pR) the kernel of the reduction 

modulo p map E{R) — » E{k). As usual, the group E(pR) will be identified with 

pR via the bijection 

pR -> E(pR) 

pa i ^ (pa, (pa) 3 + a±(pa) 7 + ■ ■ ■ ) 

We denote by E'(k) the group of all points in E(k) of order prime to p. And 
we denote by E'(R) the subgroup of all points in E(R) whose image in E(k) lie in 
E'(k). There is a split exact sequence — > E(pR) — > E'(R) — > -E'(fc) — > 0, hence 
E'(R)=E(pR)®E'(R) tors . 

Corollary 8.42. Under the hypotheses of Theorem \8.39[ and letting 

U' + := E'(R)tors ■ U\ C U+ , 

the following hold: 

1) Assume /C+ — {k}. For any 90 £ p u R x with v > 1, and any g £ p VK, R C 
pi? = E(pR) there exists a unique u £ Ui such that u(qo) = g. 

2) .Asswme /C+ = {1}. Then for any qo £ pR x and any g £ E'(R) there exists 
a unique u £ U' + such that u(qo) = g. 

Proof. The first assertion follows exactly as in the case of G m ; cf. Corollarv l7.13l 
In order to check the second assertion, note that we can write g uniquely as 
g = gi + .92, where g\ £ E (R)tors and <?2 £ E(pR). By the first part, there exists 
U2 £ U\ such that 1/2(90) = .92- We set u = g\ + U2- Then, u(qo) = .9. 

The uniqueness of u is also checked easily. □ 
The following Corollary is concerned with the inhomogeneous equation tpEU = tp, 
and it is an immediate consequence of Lemmas 18.371 18.411 and 16.61 

Corollary 8.43. Let ipE be a non-degenerate {5 P , 5 q } -character of E, and let tp £ 
9 ±1 i?[[9 ±1 ]] be a series whose support is contained in the set K! of totally non- 
characteristic integers ofipE- Then the following hold: 

(1) The equation ipEU — tp has a unique solution u £ i?(9 ±1 i?[[9 ±1 ]]) such that 
ipqU has support disjoint from the set IC of characteristic integers. 

(2) If (p £ fc[9 ±:L ] the series ip^u £ A;[[9 ±:L ]] is integral over /c[9 ±:L ] and the field 
extension k(q) C k(q,ip^u) is Abelian with Galois group killed by p. 

(3) If the characteristic polynomial of ipE is unmixed and the support of ip is 
short then u is transcendental over K(q). 

Remark 8.44. Corollary 18.421 implies that if K.+ = {1} and 90 £ pR x , the group 
homomorphism 

S qo : E'(R) t ors X R — * E (R) 

(P,a) 1 > P + u E: i, a (qo) 
is an isomorphism. So for any 91, 92 £ pR x , we have an isomorphism 

S qi,q2 '■= S q 2 ° S~ '• E ' (R) -> E' (R) . 

The latter map should be viewed as the "propagator" attached to ipg. 
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As in the case of G a and G m , respectively, if C 6 n(R) and qo S pi? x , then, by 
(EH, 

S'cgo = S qo ° M C 

where 

M c : E'(R) tors x i? -» E'{R) tors x i? 
M c (P,a) := (P,C«) 
Hence, for Cii C2 G m(-R)> we obtain that 

%9o,C2go = £90 M C 2 /Ci ^go 1 ■ 

In particular, 

which can be interpreted as a (weak) "Huygens principle." 
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